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A topological space 𝑋 has a local 𝔊-base if every point 𝑥 ∈ 𝑋 has a
neighborhood base (𝑈𝛼)𝛼∈𝜔𝜔 such that 𝑈𝛽 ⊂ 𝑈𝛼 for all 𝛼 ≤ 𝛽 in 𝜔𝜔.

Theorem For a Tychonoff space 𝑋 the following conditions are equivalent:

. The free Abelian topological group A(𝑋) of 𝑋 has a local 𝔊-base.

. The free Boolean topological group B(𝑋) of 𝑋 has a local 𝔊-base.

. The universal uniformity 𝒰(𝑋) of 𝑋 has a 𝔊-base.

If 𝑋 is first-countable and perfectly normal, then (1)–(3) are equivalent to:

. 𝑋 is metrizable and has 𝜎 -compact set 𝑋′ of non-isolated points.

Theorem For a Tychonoff space 𝑋 the following conditions are equivalent:

. The free locally convex space L(𝑋) of 𝑋 has a local 𝔊-base.

. The free topological vector space V(𝑋) of 𝑋 has a local 𝔊-base.

. The universal uniformity 𝒰(𝑋) of 𝑋 has a 𝔊-base and the function space
𝐶(𝑋) is 𝜔𝜔-dominated (in ℝ𝑋).

The conditions (1)-(3) imply (and if 𝑋 is not a 𝑃-space, are equivalent to):
(4) the free topological group 𝐹(𝑋) of 𝑋 has a local 𝔊-base.
If 𝑋 is first-countable and perfectly normal, then (1)–(3) are equivalent to
metrizability and 𝜎 -compactness of 𝑋 .


