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Hyperspaces

Hyperspace: given a space with underlying set X, build a space with
underlying set X C B(X).
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Hyperspace: given a space with underlying set X, build a space with
underlying set X C B(X).

usually X = K(X), the set of nonempty compact subsets or X = C/(X),
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e Hausdorff metric on K(X) for a metric space (X, d):
dy(A, B) :=inf {e € R | U.(A) 2 BA U(B) 2 A}
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Hyperspaces

Hyperspace: given a space with underlying set X, build a space with
underlying set X C B(X).

usually X = K(X), the set of nonempty compact subsets or X = C/(X),
the set of nonempty closed subsets, for instance

e Hausdorff metric on K(X) for a metric space (X, d):
dy(A, B) :=inf {e € R | U.(A) 2 BA U(B) 2 A}

e Bourbaki uniformity on X C *B(X) for an uniform space (X,U):
Us = {3 CK(X)x K(X)|3ReuU :RC s}, with
R:={(A,B)e X x X | R(A)2 B A R(B) 2 A}.
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Hyperspaces

Hyperspace: given a space with underlying set X, build a space with
underlying set X C B(X).

usually X = K(X), the set of nonempty compact subsets or X = C/(X),
the set of nonempty closed subsets, for instance

e Hausdorff metric on K(X) for a metric space (X, d):
dy(A, B) :=inf {e € R | U.(A) 2 BA U(B) 2 A}

e Bourbaki uniformity on X C *B(X) for an uniform space (X,U):
Us = {S CK(X)x K(X)|3ReuU :RC s}, with
R:={(A,B) € X x X | R(A) 2B A R(B) D A}.

@ Vietoris topology on X C B(X) for a topological space (X, 7):

generated from the base {(V4,..., Vp,), | n € IN, V4, ..., V,, € T} with
M, sVa)y ={MeX|MCU Vi ANVi:MNV; # o}
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(X, d) —" (X, Ug) —" (X, 7)
i Hausdorff J{ Bourbaki iVietoris

topol.

(K(X), dy) “M s (K(X), U, ) 2 (K(X), 7v)
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Problem: How to define such appropriate Hyperstructures for other kinds
of spaces?



Problem: How to define such appropriate Hyperstructures for other kinds

of spaces?
One Ildea: look for , natural” maps between a set X and subsets X of its

powerset - choice functions.



Choice Functions

If X is a set and Py (X) the set of all nonempty subsets of X, let
A(X) := {f e XPoX) | VA € Py(X) : F(A) € A}

the family of all choice functions on Bo(X).
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Choice Functions

If X is a set and Py (X) the set of all nonempty subsets of X, let
A(X) := {f e XPoX) | VA € Py(X) : F(A) € A}
the family of all choice functions on Bo(X).

One can observe, for instance:

Proposition

Let (X, T) be a topological space, consider the lower Vietoris topology on
a subset X C Po(X) and let ¢ be an ultrafilter on X. Let
P:={pe X|3f € AX) : f(p) > p}.
@ Ifthere is an A € X with A C P, then $ converges in the lower
Vietoris topology to A.

@ If (X, ) is locally compact and $ converges in the lower Vietoris
topology to a set A, then A C P holds.
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F (M) = the set of all filters on a set M,
U (M) = the set of all ultrafilters on a set M,

If ¢ is a filter on a set M, then
F () = the set of all filters 1) on M with ¥ D ¢,
U (¢) = the set of all ultrafilters ¢ on M with 1 D .
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Let (X, T) be a nested neighbourhood space, let ¢ be an ultrafilter on
PBo(X) which converges in the lower Vietoris topology to A € P(X) and let
P:={pc X|3F € F(AX)): F(p) > p}.

Then A C P holds.




F (M) = the set of all filters on a set M,
U (M) = the set of all ultrafilters on a set M,

If ¢ is a filter on a set M, then
F () = the set of all filters 1) on M with ¥ D ¢,
U (¢) = the set of all ultrafilters ¢ on M with 1 D .

Proposition

Let (X, T) be a nested neighbourhood space, let ¢ be an ultrafilter on
PBo(X) which converges in the lower Vietoris topology to A € P(X) and let
P:={pc X|3F € F(AX)): F(p) > p}.

Then A C P holds.

Some similar things can be done for upper Vietoris convergence and so for
the Vietoris itself.



For metric spaces we get even an extra nice characterization:

Theorem

Let (X, d) be a metric space, K(X) the family of nonempty compact
subsets of X and dy the corresponding Hausdorff metric on K(X). If
o € F(K(X)), then the following are equivalent:

Qv Acxk,

Q o VfGA(X),QGU(f):EIaEA:f(ﬁ)ihaand
@ VacA:3f € AX): fp) L a.




For metric spaces we get even an extra nice characterization:

Theorem

Let (X, d) be a metric space, K(X) the family of nonempty compact
subsets of X and dy the corresponding Hausdorff metric on K(X). If
p € F(K(X)), then the following are equivalent:

Qv P Ack

Q o VfGA(X),QGU(f):HaéA:f(ﬁ)ihaand
@ VacA:3f e AX): f(p) L a.

Nevertheless definitions by choice functions need precise analyse of the
concrete structure (topology, uniformity, metric ...).



For metric spaces we get even an extra nice characterization:

Theorem

Let (X, d) be a metric space, K(X) the family of nonempty compact
subsets of X and dy the corresponding Hausdorff metric on K(X). If
p € F(K(X)), then the following are equivalent:

Qv P Ack

Q o VfGA(X),QGU(f):HaGA:f(ﬁ)ihaand
@ VacA:3f e AX): f(p) L a.

Nevertheless definitions by choice functions need precise analyse of the
concrete structure (topology, uniformity, metric ...).

Moreover, it can lead quickly to some quite hard set theoretical
difficulties:



For a filter ¢ on a set X and a function f : X — Y we mean by the image
of ¢ under f the filter f(p) :={B C Y| 3P € ¢ : f[P] C B}.

We say, a filter ® has Property (A) w.r.t. X iff ® is a filter on Po(X) and

fullfills
VFe A(X):3xf € X : F(D) = x¢ (A)

(Here xf := {A C X | x¢ € A} is the singleton filter generated by xy.)



For a filter ¢ on a set X and a function f : X — Y we mean by the image
of ¢ under f the filter f(p) :={B C Y| 3P € ¢ : f[P] C B}.

We say, a filter ® has Property (A) w.r.t. X iff ® is a filter on Po(X) and
fullfills
Ve A(X):Ixr € X : f(P) = xr (A)

(Here xf := {A C X | x¢ € A} is the singleton filter generated by xy.)

Question: If ® has property (A) w.r.t. X, must ® itself be a singleton
filter on Po(X)?



Proposition

If a filter ® has property (A) w.r.t. a set X, then it is an ultrafilter on

Po(X).
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If a filter ® has property (A) w.r.t. a set X, then it is an ultrafilter on
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Proposition

If a filter ® has property (A) w.r.t. a set X, then it is an ultrafilter on

Po(X).

If ® has property (A) w.r.t. a set X, then ® is countably complete.

If ® has property (A) w.r.t. a countable set X, then ® is a singleton filter
on Po(X).




Now the bad news:

@ Countably complete free ultrafilter exist, iff w-measurable cardinals
exist.

@ w-measurable cardinals exist, iff measurable cardinals exist.

The problem:

@ In ZFC+, there exists an inaccessible cardinal” the consistency of ZFC
can be proved.
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Now the bad news:

@ Countably complete free ultrafilter exist, iff w-measurable cardinals
exist.

@ w-measurable cardinals exist, iff measurable cardinals exist.
© Every measurable cardinal is inaccessible.
The problem:

@ In ZFC+, there exists an inaccessible cardinal” the consistency of ZFC
can be proved.

@ If ZFC is consistent, then ZFC+, there exists no inaccessible cardinal®
is consistent, too.

= no hope to prove the existence of free ultrafilters with property (A)
within ZFC.



Interesting Questions:

@ Can we prove in ZFC anyway, that free ultrafilters with property (A)
do not exist?

@ If ¢ is a filter on Py (X) such that for every f € A(X) the image
f(®) is an ultrafilter on X. Must @ itself be an ultrafilter on PBo(X)?



Now we take category theory into account: hoping to find a categorical
description of the Vietoris topology.
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Topological Categories

A concrete category C over Set is called topological, iff

Q For all X € |Set| and all families (f;, (X;i,&;))ici, indexed by a class
I, of C-objects (X;, &) and functions f; : X — X; there exists a unique

initial C-Object (X, &) on the set X, i.e. an object (X&) s.t.
for all objects (Y,n) € |C| and maps g : Y — X holds

g€ MO"((Y;n)a(Xaf))c & Viel: f;og € Mor((yvn)7(Xi7§i))C

(Y, n) =5 (X, €) —~ (X, &)
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Topological Categories

A concrete category C over Set is called topological, iff

Q For all X € |Set| and all families (f;, (X;i,&;))ici, indexed by a class
I, of C-objects (X;, &) and functions f; : X — X; there exists a unique
initial C-Object (X, &) on the set X, i.e. an object (X&) s.t.
for all objects (Y,n) € |C| and maps g : Y — X holds

g €Mor((Y,n),(X,8)e < Viel:fiogeMor((Y,n),(Xi,&))c
(Y, n) =5 (X, €) —~ (X, &)

That is: arbitrary initial structures exist. Note that this is equivalent
to the existence of arbitrary final structures:

(Z.0) <5 (X, &) < (X, &)
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@ (Fibre-smallness) For all X € |Set|, the class of C-objects on X is a

set.
© On sets with at most one element exists exactly one C-structure.

Improvement: cartesian closedness
A category C is called cartesian closed, iff
©Q O For every pair (A, B) of C-objects exists a product A x B in C and
@ For every pair (A, B) of C-objects exists a C-object B” and a
C-morphism e : A x BA — B, s.t. for every C-Object C and every
C-morphism f : A x C — B there exists a unique C-morphism
f:C— BAwith f =eo(lsxf).

that is: C has , natural function spaces".

July 27, 2016
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A topological category C is said to be extensional, iff for every Y € |C|
with underlying set Y, there exists a C-object Y* with underlying set
Y*:=YU{ooy}, ooy €Y, s.t. for every X € C with underlying set X,
every Z C X and every f : Z — Y, where f is a C-morphism w.r.t. the
subobject Z of X on Z, the map f* : X — Y™, defined by

{158

is a C-morphism.
that means: C has ,,one-point-extensions"
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every Z C X and every f : Z — Y, where f is a C-morphism w.r.t. the
subobject Z of X on Z, the map f* : X — Y™, defined by

o= 58
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that means: C has ,,one-point-extensions"

A topological category C is called a topological universe, iff it is cartesian
closed and extensional.



A topological category C is said to be extensional, iff for every Y € |C|
with underlying set Y, there exists a C-object Y* with underlying set
Y*:=YU{ooy}, ooy €Y, s.t. for every X € C with underlying set X,
every Z C X and every f : Z — Y, where f is a C-morphism w.r.t. the
subobject Z of X on Z, the map f* : X — Y™, defined by

{1 15

is a C-morphism.
that means: C has , one-point-extensions'

A topological category C is called a topological universe, iff it is cartesian
closed and extensional.

Top and Unif are topological categories, but not cartesian closed and not
extensional.



Hyperspaces and function spaces

There are well known connections between hyperspaces and function
spaces, for instance:

e graph topologies (Naimpally, Poppe, ... )

e function spaces on characteristic functions of subsets (Flachsmeyer,
Poppe, ...)

There is another one, that we want to propose here for investigation.
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Hyperspaces and function spaces

There are well known connections between hyperspaces and function
spaces, for instance:
e graph topologies (Naimpally, Poppe, ... )
e function spaces on characteristic functions of subsets (Flachsmeyer,
Poppe, ...)
There is another one, that we want to propose here for investigation.

We start with a function space structure:
Let X be a set and (Y, o) a topological space. For 2 C Bo(X) we call the
topology on YX generated by the subbase of all sets

(A,0):={feYX| f(A)C O}

with A € 2 and O € o the 2-open topology on YX (or on C(X,Y), if X
has a topology, too, or other subsets of YX).

We define a mapping px from YX to PBo(Y)* by
VM eA: ux(f)(M):= f[M].
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Lemma

Let (X,7),(Y,0) be topological spaces, let A C Bo(X) contain the
singletons and H C YX. Then the map

px H = px(H) = {px ()| £ € H} S PBo(¥)*

is open, continuous and bijective, where H is equipped with the 2-open
topology and Bo(Y)* with the pointwise from the Vietoris topology on

Po(Y). |
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@ For A = K(X) (the family of nonempty compact subsets of X) we
get the compact-open topology on H := C(X,Y).
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convergence structure of continuous convergence on C(X,Y).



Lemma

Let (X,7),(Y,0) be topological spaces, let A C Bo(X) contain the
singletons and H C YX. Then the map

px H = px(H) = {px ()| £ € H} S PBo(¥)*

is open, continuous and bijective, where H is equipped with the 2-open
topology and Bo(Y)* with the pointwise from the Vietoris topology on

Po(Y).

Note:
@ For A = K(X) (the family of nonempty compact subsets of X) we
get the compact-open topology on H := C(X,Y).
@ For locally compact (X, 7) the compact-open topology induces the
convergence structure of continuous convergence on C(X,Y).

© The continuous convergence is the , natural® function space structure
in the topological universe PsTop.



We have:

1%

C(X,Y) =% K(Y)KX) [Tackx) K(Y)a

lm

K(Y)

where w4 are the canonical projections, C(X, Y) is endowed with
compact-open topology (which is the natural function space structure,
whenever X is locally compact) and K(Y') is endowed with Vietoris
topology.



We have:

C(X,Y) X K(Y)KX)

1%

[Tackx) K(Y)a

lm

K(Y)

where w4 are the canonical projections, C(X, Y) is endowed with
compact-open topology (which is the natural function space structure,
whenever X is locally compact) and K(Y') is endowed with Vietoris
topology.

Then the functions w4 o ux, for all domain spaces X and all compact
subsets A of Y are all continuous.



We have:

C(X,Y) X K(Y)KX)

1%

[Tackx) K(Y)a

lm

K(Y)

where w4 are the canonical projections, C(X, Y) is endowed with
compact-open topology (which is the natural function space structure,
whenever X is locally compact) and K(Y') is endowed with Vietoris
topology.

Then the functions w4 o ux, for all domain spaces X and all compact
subsets A of Y are all continuous.

Question: |s the Vietoris topology on K(Y) the final topology w.r.t this
family of functions?



Let (X,7), (Y,0) be topological spaces and let o be the Vietoris
topology on K(Y'). Then for every © € oy and every A € K(X) the set
(a0 ux) (D) C C(X,Y) is open w.r.t. the compact-open topology.
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Lemma

Let (X,7), (Y,0) be topological spaces and let o be the Vietoris
topology on K(Y'). Then for every O € oy and every A € K(X) the set
(a0 px) YD) C C(X,Y) is open w.r.t. the compact-open topology.

Corollary

Let (Y,0) be a topological space. For every topological space let C(X,Y)
be equipped with compact-open topology.

Then the Vietoris topology oy on K(Y) is contained in the final topology
w.rt. allmaop, ., (X,7) € B, A€ K(X, ), for every class B of
topological spaces.

A\
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Theorem

Let (Y,o0) be a Tz-space and let (K(Y),ov) be its Vietoris Hyperspace of
compact subsets. Let furthermore § be the discrete topology on Y XY
and denote by (Z, () the Stone-Cech-compactification of (Y x Y, ).

Then oy is the final topology on K(Y) w.r.t. mzouz : C(Z,Y) — K(Y),
where C(Z,Y') is endowed with compact-open topology Tco.

v
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Corollary

Let (Y,0) be a Tz-space. For every topological space let C(X,Y) be
equipped with compact-open topology. Let B be a class of topological

spaces, that contains the Stone-Cech-compactification of a discrete space

with cardinality at least card(Y).
Then the Vietoris topology oy on K(Y) is the final topology w.r.t. all
TA© Py (X,T) € B, A€ K(X,T).
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We get also a description for the Vietoris hyperspace of the closed subsets.

Let (Y,0) be a Hausdorff Ty-space. Then its Vietoris hyperspace on the
nonempty closed subsets (CI(Y),ov) is homeomorphic to a subspace of
the Vietoris hyperspace (K(8Y),o?) of compact subsets of the
Stone-Cech-compactification of (Y, ).

22 /30
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A topological universe containing Unif

For sets X we define a relation < between elements of Po(Po(X)):

a1 Ray VA Ear:JA Eapn : A1 C A .
For subsets X1, %2 C PBo(Po(X)):

213y & Vanr€edsr:dog €31 :01 2 as .
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A topological universe containing Unif

For sets X we define a relation < between elements of Po(Po(X)):
a1 Ray VA Ear:JA Eapn : A1 C A .

For subsets X1, %2 C PBo(Po(X)):
213y & Vanr€edsr:dog €31 :01 2 as .

=< is reflexive and transitive, but not symmetric, not antisymmetric and not
asymmetric in general.
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Definition multifilter
Let X be a set. A family ¥ C Bo(Po(X)) is called a multifilter on X, iff
Q@ o1€X N0y R0y = 09 €Y and

Q 0'1,0'262 — 3036220’3j013ﬂd0’3j<72
hold. The set of all multifilters on a set X we denote by F(X).

Examples: Every uniformity in the covering sense (Tukey) is a multifilter.
For x € X the family X := {0 C Po(X)| {{x}} <X o} is a multifilter.
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Let x € X and o € PBo(X). Then the star of a at x is defined as

st(x, a) = U A,

Aca,xEA

and the weak star set of o at x is defined as

O(x, a) ::{UA,-] nelN,Vi=1..,n:x€A €a}.
i=1



Let x € X and o € PBo(X). Then the star of a at x is defined as

st(x, a) = U A,

Aca,xEA

and the weak star set of o at x is defined as

O(x, a) ::{UA;] nelN,Vi=1..,n:x€A €a}.
i=1

For a partial cover o of a set X let

o0 = Uxex’o(xﬁ)?ég O(x,0),
o* :={st(x,0)| x € X,st(x,0) # T},



Let x € X and o € PBo(X). Then the star of a at x is defined as

st(x, a) = U A,

Aca,xEA

and the weak star set of o at x is defined as

O(x, a) ::{UA;] nelN,Vi=1..,n:x€A €a}.
i=1

For a partial cover o of a set X let

0% = UXEX,O(X,U);AQ <>(X7 U)'

o == {st(x,0)| x € X,st(x,0) # &}, and for a multifilter £ on X let
0= {€ € Po(Po(X))| Fo € T : 09 = ¢},

Y i={£ e Po(Po(X))|Jo e X:0* ¢}



Definition multifilter-space

For a set X and a set M of multifilters on X we call the pair (X, M) a
multifilter-space, iff

Q@ VxeX:xeM and
Q2 ieEMAYI Y1 =>3e M

hold. M is called the multifilter-structure of this space.
If (X1, M1), (X2, M2) are multifilter-spaces and f : X; — Xz is a map,
then f is called fine (w.r.t. My, M>), iff

Q@ f(M;1) C My.




Definition multifilter-space

For a set X and a set M of multifilters on X we call the pair (X, M) a
multifilter-space, iff

Q@ VxeX:xeM and
Q2 ieEMAYI Y1 =>3e M

hold. M is called the multifilter-structure of this space.
If (X1, M1), (X2, M3) are multifilter-spaces and f : X; — X is a map,
then f is called fine (w.r.t. My, M>), iff

Q@ f(M;1) C My.

A multifilter-space (X, M) is called
Q /imited iff VX1, e M: X1 NXy e M,



Definition multifilter-space

For a set X and a set M of multifilters on X we call the pair (X, M) a
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Q@ f(M;1) C My.
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@ principal iff 3 e MV e M : ¥ < X,.



Definition multifilter-space

For a set X and a set M of multifilters on X we call the pair (X, M) a
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Definition multifilter-space

For a set X and a set M of multifilters on X we call the pair (X, M) a
multifilter-space, iff

Q@ VxeX:xeM and
Q2 ieEMAYI Y1 =>3e M

hold. M is called the multifilter-structure of this space.
If (X1, M1), (X2, M3) are multifilter-spaces and f : X; — X is a map,
then f is called fine (w.r.t. My, M>), iff

Q@ f(M;1) C My.

A multifilter-space (X, M) is called
Q limited iff VX1, e M X1 NYX e M,
@ principal iff 3 e MV e M : ¥ < X,.
© weakly uniform iff YZ € M : £° € M,
Q uniform ifftVZ e M : L* € M.



Lemma

The multifilter-spaces as objects and the fine mappings between them as
morphisms form a strong topological universe, denoted by MFS. The
natural function-space between the multifilter-spaces X := (X, M) and
Y = (Y,N)is (YX, Mx y) with

Mxy = {[ € F(YX)|VE e M : (L) e N'}.

The subcategories of limited, principal, weak uniform limited, weak uniform principal,
uniform limited and uniform principal multifilter-spaces are denoted by LimMFS,
PrMFS, WULIimMFS, PrWULIimMFS, ULimMFS and PrULimMFS, respectively.
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Lemma

The multifilter-spaces as objects and the fine mappings between them as
morphisms form a strong topological universe, denoted by MFS. The
natural function-space between the multifilter-spaces X := (X, M) and
Y = (Y,N)is (YX, Mx y) with

Mxy = {[ € F(YX)|VE e M : (L) e N'}.

The subcategories of limited, principal, weak uniform limited, weak uniform principal,
uniform limited and uniform principal multifilter-spaces are denoted by LimMFS,
PrMFS, WULIimMFS, PrWULIimMFS, ULimMFS and PrULimMFS, respectively.

@ LimMFS is bireflective in MFS.

@ PrMFS, ULimMFS, WULimMFS, PrULimMFS, PrWULIimMFS
are bireflective in LImMFS.

The category UMer of uniform covering spaces (in the sense of Tukey)
and uniformly continuous maps is concretely isomorphic to PrULimMFS.



A, . Ay C X, 2% C Po(X):

<AL A= {MeAMC|JAAVIi=1,.,n: MNA o}
i=1
For a C Po(X) we set ay g := {< Ay1,...,Ap > | ne N, A; € a} and for
Y € F(X) we define Ly o := [{aval a € Z}]§(m).

Definition finite hyperstructure
Let (X, M) be a limited multifilter-space. Then we call

My == {Z € F(PC(X))| 3V € M : L < Wy pexy}

the finite hyperstructure on PC(X) w.r.t. M.

If (X, M) is a limited multifilter-space, then (PC(X), My/) is a limited
multifilter-space, too.



This hyperstructure is build very Vietoris-like and works fine in some sense:

Let (X, M) be a limited multifilter-space. Then (PC(X), My) is
precompact, if and only if (X, M) is precompact.

If (X, M) is a limited multifilter-space and 2 C PC(X), then 2 is
precompact w.r.t. My if and only if [ J,cq A is precompact w.r.t. M.




This hyperstructure is build very Vietoris-like and works fine in some sense:

Let (X, M) be a limited multifilter-space. Then (PC(X), My) is
precompact, if and only if (X, M) is precompact.

If (X, M) is a limited multifilter-space and 2 C PC(X), then 2 is
precompact w.r.t. My if and only if [ J,cq A is precompact w.r.t. M.

But: it is not the final multifilterstructure on PC(X) w.r.t. all situations
(YX, Mxy) 25 PC(Y)PC) 24 pe(y),

although the map ux is always a morphism, too.



Thank you for your attention!
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