Arkhangel’skit alpha properties of C,(X)
and covering properties of X

Lev Bukovsky
Topological Symposium, Prague, 2016

July 11, 2016



A topological space X possesses the property («;), i = 1,2,

see [Arh], if for any x € X and for any sequence {{z m}oo_o}o2,
of sequences converging to z, there exists a sequence {yn,}>_,
such that limy, o0 ¥ = x and

(1) {xpm:m e w} T {ym : m € w} for each n,

(a2) {Znm:m € w}N{ym : m € w} is infinite for each n.

It is know that for C,(X) the properties (), (a3) and (au) are
equivalent, see [Sc3].
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A topological space X possesses the property («;), i = 1,2,

see [Arh], if for any x € X and for any sequence {{z m}oo_o}o2,
of sequences converging to z, there exists a sequence {yn,}>_,
such that limy, o0 ¥ = x and

(1) {xpm:m e w} T {ym : m € w} for each n,

(a2) {Znm:m € w}N{ym : m € w} is infinite for each n.

It is know that for C,(X) the properties (), (a3) and (au) are
equivalent, see [Sc3].

The sequence selection property SSP, see [Sc2], says:
for any x € X and for any sequence {{zm }re_g}ne, of sequences

converging to z, there exists a sequence {my}22, such that

limy, 00 Tnym,, = .
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A sequence {fy,}72 of real functions defined on a set X
quasi-normally converges to a function f, if there exists
a sequence {e, }°°, of non-negative reals converging to 0 such that

(Ve € X)(3no)(Vn = no) [fn(z) — f(2)] < en.

A topological space X is a QN-space if every sequence {f,}72, of
continuous real functions defined on X converging pointwise to 0
also quasi-normally converges to 0, [BRR].
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A sequence {fy,}72 of real functions defined on a set X
quasi-normally converges to a function f, if there exists
a sequence {e, }°°, of non-negative reals converging to 0 such that

(Ve € X)(3no)(Vn = no) [fn(z) — f(2)] < en.

A topological space X is a QN-space if every sequence {f,}72, of
continuous real functions defined on X converging pointwise to 0
also quasi-normally converges to 0, [BRR].

A topologocal space X is a g-space if F,(X) = Gs(X).
Theorem 1 (Rectaw [R])

Any perfectly normal QN-space is a o-space.

Corollary 2 (Bukovsky — Rectaw — Repicky [BRR])

Every subset (with the subset topology) of a QN-space is
a QN-space.
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A topological space X is a wQN-space if every sequence {f,}2°,
of continuous real functions defined on X converging pointwise to 0
has a subsequence {f,, }7°, quasi-normally converging to 0, [BRR].
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A topological space X is a wQN-space if every sequence {f,}2°,
of continuous real functions defined on X converging pointwise to 0
has a subsequence {f,, }7°, quasi-normally converging to 0, [BRR].

A topological space X is perfectly meager if every perfect subset
of X is meager.

Theorem 3 (Bukovsky — Rectaw — Repicky [BRR])
Any wQN-space is perfectly meager.
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A topological space X is a wQN-space if every sequence {f,}2°,
of continuous real functions defined on X converging pointwise to 0
has a subsequence {f,, }7°, quasi-normally converging to 0, [BRR].

A topological space X is perfectly meager if every perfect subset
of X is meager.

Theorem 3 (Bukovsky — Rectaw — Repicky [BRR])
Any wQN-space is perfectly meager.

If O is one of the notions (), i = 1,2, SSP, wQN, QN, then
the notion [, or (0* is obtained by replacing continuous functions
by lower or upper semicontinuous ones, respectively. See [B].

If O is one of the notions (), i = 1,2, SSP, then the notion
QN—[J is obtained by replacing all cases of pointwise convergence
by quasi-normal convergence. Compare [BS].

Lev Bukovsky Topological Symposium, Prague, 2016
Arkhangel'skit alpha properties of C), (X ) and covering properties of X



Theorem 4 (Scheepers [Sc2], Bukovsky — Hales [BH], Bukovsky —

Supina [BS], Sakai [Sa2])

For a perfectly normal topological space X the following are
equivalent:

1) Cp(X) possesses the (cv1) property,

2) Cp(X) possesses the QN-SSP,

»(X) possesses QN-(a2) property,

(X)) possesses (a), property,

»(X) possesses the SSP,,

is a QN-space,
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Theorem 4 (Scheepers [Sc2], Bukovsky — Hales [BH], Bukovsky —

Supina [BS], Sakai [Sa2])

For a perfectly normal topological space X the following are
equivalent:

1) Cp(X) possesses the (o) property,

2) Cp(X) possesses the QN-SSP,

»(X) possesses QN-(a2) property,

(X)) possesses (a), property,

»(X) possesses the SSP,,

is a QN-space,
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Corollary 5

Let X be a perfectly normal topoloical space such that C,(X)
possesses the («y) property. Then

1) X is a perfectly meager o-space,

2) for every subset Y C X endowed with the subet topology
the topological space C,(Y') possesses the (a1) property.
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A countable family {U,, : n € w} of subset of a set X is a y-cover
if Up, # X for each n and the set {n € w: x ¢ U,} is finite for
each z € X.

Theorem 6 (Bukovsky — Hales [BH], Sakai [Sal])

A perfectly normal topological space X is a QN-space if and only if
the family of open ~y-covers of X possesses the covering (1)
property, i.e., for every sequence {Uy, }°°, of open ~y-covers there
exist finite sets V,, C U, such that |, (U, \ Vy) is a y-cover.
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A countable family {U,, : n € w} of subset of a set X is a y-cover
if Up, # X for each n and the set {n € w: x ¢ U,} is finite for
each z € X.

Theorem 6 (Bukovsky — Hales [BH], Sakai [Sal])

A perfectly normal topological space X is a QN-space if and only if
the family of open ~y-covers of X possesses the covering (1)
property, i.e., for every sequence {Uy, }°°, of open ~y-covers there
exist finite sets V,, C U, such that |, (U, \ Vy) is a y-cover.

A set A C “w is eventually bounded if A is bounded in the
preorder

f <" 9= (Fno)(Vn > ng) f(n) < g(n).
Theorem 7 (Tsaban — Zdomskyy [TZ])
A perfectly normal topological space X is a QN-space if and only if

every Borel measurable image of X into the Baire space “w is
eventually bounded.
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Theorem 8 (Fremlin [Fr], Scheepers [Sc4])

For a perfectly normal topological space X the following are
equivalent:

1) Cp(X) possesses the (cg) property,

2) Cp(X) possesses the SSP,

3) X is a wQN-space.

Lev Bukovsky Topological Symposium, Prague, 2016
Arkhangel’skit alpha properties of C, (X ) and covering properties of X



Theorem 8 (Fremlin [Fr], Scheepers [Sc4])

For a perfectly normal topological space X the following are
equivalent:

1) Cp(X) possesses the (cg) property,

2) Cp(X) possesses the SSP,

3) X is a wQN-space.

A ~-cover U is shrinkable if there exists a closed ~-cover that is a
refinement of U. T is the family of all open shrinkable ~-covers.

Theorem 9 (Bukovsky — Hales [BH])
If X is perfectly normal, then the following are equivalent:

1) X is a wQN-space,
2) X is an S1 (", T")-space.

Corollary 10

For a perfectly normal topological space X, C,(X) possesses the
(co) property if and only if X is an S1(I'*®,T")-space.
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Theorem 11 (Bukovsky [B], Sakai [Sa2])

For a perfectly normal topological space X the following are
equivalent:

1) X possesses the SSP*,

2) X is a wQN*-space.
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Theorem 11 (Bukovsky [B], Sakai [Sa2])

For a perfectly normal topological space X the following are
equivalent:

1) X possesses the SSP*,

2) X is a wQN*-space.

Theorem 12 (Bukovsky [B])

For a perfectly normal topological space X the following are
equivalent:

1) X is an S;(T',T')-space,

2) X possesses the SSP*,

Corollary 13

For a perfectly normal topological space X the following are
equivalent:

1) X is an S;(I',I")-space,

2) X is a wQN*-space.
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We know [BH], [Sal] that
QN — $;(I,T) — wQN.
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We know [BH], [Sal] that
QN — 51 (I, T') — wQN.
By A. Dow [D] in Laver model for Borel conjecture
(a2) = (o).
Thus, by Theorems 4 and 8 in Laver model
wQN = S;(T',T') = QN.
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We know [BH], [Sal] that
QN — 51 (I, T') — wQN.
By A. Dow [D] in Laver model for Borel conjecture
(a2) = (o).
Thus, by Theorems 4 and 8 in Laver model
wQN = S;(T',T') = QN.
By W. Just, A.W. Miller, M. Scheepers and P.J. Szeptycki [JMSS]
if t="0, then S;(I',T") - QN.
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We know [BH], [Sal] that
QN — 51 (I, T') — wQN.
By A. Dow [D] in Laver model for Borel conjecture
(a2) = ().
Thus, by Theorems 4 and 8 in Laver model
wQN = S;(T',T') = QN.
By W. Just, A.W. Miller, M. Scheepers and P.J. Szeptycki [JMSS]
if t="0, then S;(I',T") - QN.
Rectaw [R] proved that
there exists an uncountable S1(T',T")—space.
By Miller [M]
It is consistent with ZFC that every o—set is countable.

Hence again, S1(I',I") - QN is consistent with ZFC.
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Marion Scheepers [Sc4] raised the following

Conjecture 14

For a perfectly normal topological space X
S1(I,T) = wQN, or

X is S1(I',I")—space = C,(X) possesses (o) property. or
S1(I'S",T) = S,(I,T).

By presented results the conjecture is consistent with ZFC.

Lev Bukovsky Topological Symposium, Prague, 2016
Arkhangel’skit alpha properties of C), (X ) and covering properties of X



Marion Scheepers [Sc4] raised the following

Conjecture 14
For a perfectly normal topological space X

S1(I,T) = wQN, or

X is S1(I',I")—space = C,(X) possesses (o) property. or
S1(I'S",T) = S,(I,T).

By presented results the conjecture is consistent with ZFC.

However, the following is still open:

Problem 15

Is it consistent with ZFC that wQN - S;(I',T")?
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