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Definition

For an open cover U of a path-connected space X and x ∈ X ,
π(U , x) ⩽ π1(X , x) is generated by all elements [αβα−] with
α ∶ ([0,1],0)→ (X , x), β ∶ ([0,1],{0,1})→ (U, α(1)), U ∈ U .

x
α

U ∈ U

β

Generalized covering spaces

Asphericity criteria

“Cayley graph” for π1(M)
of the Menger curve M

⋮

Generalized slender groups

Theory of free σ-products

Classification of homotopy
types of 1-dim spaces by π1

⋮
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Properties

(1) π(U , x) is a normal subgroup of π1(X , x).

(2) If V refines U , then π(V, x) ⩽ π(U , x).

(3) For locally path-connected X :

(a) ∃ V ∶ π(V, x) =⋂
U
π(U , x) ⇔ X has a universal covering space.

(b) ∃ U ∶ π(U , x) = 1 ⇔ X has a simply connected covering space.

Example: The Hawaiian Earring H =
∞

⋃
k=1

Ck

C1

C2

C3

∀ U ∶ π(U ,∗) /= 1

but ⋂
U

π(U ,∗) = 1

Definition: πs(X , x) =⋂
U

π(U , x) (Spanier group)
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Theorem [F-Zastrow 2007]

There exists a generalized covering p ∶ X̃ → X w.r.t. πs(X , x):

(1) X̃ is path connected (pc) and locally path connected (lpc).

(2) p# ∶ π1(X̃ , x̃)→ π1(X , x) is a monomorphism onto πs(X , x).

(3)

(X̃ , x̃)
p

��

(Y pc,lpc , y)

∃! f̃
99

∀f // (X , x)

⇐⇒ f#π1(Y , y) ⩽ p#π1(X̃ , x̃)

If πs(X , x) = 1, we call p ∶ X̃ → X a generalized universal covering.

Examples with πs(X , x) = 1 include:

1-dimensional spaces [Eda-Kawamura 1998]

subsets of surfaces [F-Zastrow 2005]

certain “trees of manifolds” [F-Guilbault 2005]
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Definition

An abelian group A is called slender if for every homomorphism
h ∶ ZN → A, ∃ n ∈ N ∀cn, cn+1, ⋅ ⋅ ⋅ ∈ Z: h(0, . . . ,0, cn, cn+1, . . . ) = 0.

Definition

A group G is called n-slender if for every homomorphism
h ∶ π1(H,∗)→ G , ∃ n ∈ N ∀γ ⊆ ⋃∞k=n Ck : h([γ]) = 1.

Examples: Free groups are n-slender [Higman, Griffiths 1952-56].
Certain HNN extensions of n-slender groups are n-slender,
including the Baumslag-Solitar groups [Nakamura 2015].

Theorems [Eda 1992, 2005]

(1) An abelian group A is n-slender ⇔ A is slender.

(2) A group G is n-slender ⇔ for every Peano continuum X and
every homomorphism h ∶ π1(X , x)→ G , ∃ U ∶ h(π(U , x)) = 1.
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Definition

A group G is homomorphically Hausdorff relative to a space X
if for every homomorphism h ∶ π1(X , x)→ G , ⋂

U

h(π(U , x)) = 1.

Terminology: π1(X , x) is a topological group with basis

{gπ(U , x) ∣ g ∈ π1(X , x), U ∈ Cov(X )}.
Consider K = h(π1(X , x)) ⩽ G as the quotient of h ∶ π1(X , x)→ K .

Then K is Hausdorff ⇔ ⋂
U

h(π(U , x)) = 1.

Examples: N-slender groups and residually n-slender groups are
homomorphically Hausdorff relative to every Peano continuum.

Examples of residually n-slender groups include π1 of 1-dimensional
spaces, planar sets, the Pontryagin surface ∏2, and the Pontryagin
sphere lim

←Ð
(T 2 ← T 2#T 2 ← T 2#T 2#T 2 ← ⋯).
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Definition

A group G is homomorphically Hausdorff relative to a space X
if for every homomorphism h ∶ π1(X , x)→ G , ⋂

U

h(π(U , x)) = 1.

Definition

We call a group G Spanier-trivial relative to a space X
if for every homomorphism h ∶ π1(X , x)→ G , h(⋂

U

π(U , x)) = 1,

i.e. h(πs(X , x)) = 1.

Properties

(1) G homom-T2 relative to X ⇒ G is S-trivial relative to X.

(2) Every group G is S-trivial relative to H.

(3) π1(X , x) is S-trivial rel X ⇔ πs(X , x) = 1 ⇔ π1(X , x) is T2.

(4) πs(X , x) = 1 ⇒ X is homotopically Hausdorff.
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Definition

A space X is called homotopically Hausdorff if ∀x ∈ X , only the
element 1 ∈ π1(X , x) can be represented by arbitrarily small loops.

Example: The Griffiths twin cone G = Cone(H) ∨ Cone(H).

G is not homotopically Hausdorff.
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Main Theorem

For an abelian group A, the following are equivalent:

(a) A is cotorsion-free.

(b) A is homom-T2 relative to every Peano continuum.

(c) A is homom-T2 relative to the Hawaiian Earring H.

(d) A is S-trivial relative to the Griffiths twin cone G.

Recall:
An abelian group A is called cotorsion if
(A ⩽ B abelian and B/A torsion-free )⇒ (B = A⊕ C for some C).

An abelian group A is called cotorsion-free if it does not contain
a non-zero cotorsion subgroup.

Facts:
A is cotorsion-free ⇔ A is torsion-free, Q /⩽ A, Jp /⩽ A ∀ primes p.

A is slender ⇔ is cotorsion-free and ZN /⩽ A.

K. Eda, H. Fischer Cotorsion-free groups from a topological viewpoint
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(a) A is cotorsion-free.

(b) A is homom-T2 relative to every Peano continuum.

(c) A is homom-T2 relative to the Hawaiian Earring H.

(d) A is S-trivial relative to the Griffiths twin cone G.

Recall:
An abelian group A is called cotorsion if
(A ⩽ B abelian and B/A torsion-free )⇒ (B = A⊕ C for some C).

An abelian group A is called cotorsion-free if it does not contain
a non-zero cotorsion subgroup.

Facts:
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Homom-T2 rel. H ⇒ Cotorsion-free
Spanier-trivial rel. G ⇒ Cotorsion-free

Proof

“A cotorsion-free ⇒ A homom-T2 rel. every Peano continuum X”

Suppose h ∶ π1(X , x)→ A with 0 /= a ∈⋂
U

h(π(U , x)).

Find Ẑ = lim
←Ð

(Z/2!Z← Z/3!Z← Z/4!Z← ⋯) φÐ→ A with a ∈ φ(Ẑ).

(Every homomorphic image of Ẑ is cotorsion.)

Given
∞

∑
i=1

i !ui = (u1 + 2!Z,u1 + 2!u2 + 3!Z,u1 + 2!u2 + 3!u3 + 4!Z, . . . )

find [`] ∈ π1(X , x) with n! ∣ (h([`]) −
n−1

∑
i=1

i !uia) in A ∀n ⩾ 2.

Define φ(
∞

∑
i=1

i !ui) = h([`]). (Well-defined: ⋂n∈N n!A = {0}.)

If u1 = 1 and ui = 0 for i ⩾ 2, then φ(
∞

∑
i=1

i !ui) = a.

K. Eda, H. Fischer Cotorsion-free groups from a topological viewpoint
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(Every homomorphic image of Ẑ is cotorsion.)

Given
∞

∑
i=1

i !ui = (u1 + 2!Z,u1 + 2!u2 + 3!Z,u1 + 2!u2 + 3!u3 + 4!Z, . . . )

find [`] ∈ π1(X , x) with n! ∣ (h([`]) −
n−1

∑
i=1

i !uia) in A ∀n ⩾ 2.

Define φ(
∞

∑
i=1

i !ui) = h([`]). (Well-defined: ⋂n∈N n!A = {0}.)

If u1 = 1 and ui = 0 for i ⩾ 2, then φ(
∞

∑
i=1

i !ui) = a.

K. Eda, H. Fischer Cotorsion-free groups from a topological viewpoint



Introduction
Results
Proofs

Cotorsion-free ⇒ Homom-T2 rel. every Peano continuum
Homom-T2 rel. H ⇒ Cotorsion-free
Spanier-trivial rel. G ⇒ Cotorsion-free

Proof

“A cotorsion-free ⇒ A homom-T2 rel. every Peano continuum X”

Suppose h ∶ π1(X , x)→ A with 0 /= a ∈⋂
U

h(π(U , x)).

Find Ẑ = lim
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(Every homomorphic image of Ẑ is cotorsion.)
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Cotorsion-free ⇒ Homom-T2 rel. every Peano continuum
Homom-T2 rel. H ⇒ Cotorsion-free
Spanier-trivial rel. G ⇒ Cotorsion-free

Choose a surjective map f ∶ [0,1]↠ X .

0 1
0
k1

1
k1

2
k1

s1
k1

s1+1
k1

k1
k1

Us1

Us1,s2+1

Us1+1
Us1,s2

Get a sequence Un = {Us1,s2,...,sn ∣ 0 ⩽ si < ki} of open covers of X

and subdivision points as1,s2,...,sn = ∑n
i=1

si
∏i

j=1 kj
∈ [0,1] such that

(1) Us1,s2,...,sn−1,sn ⊆ Us1,s2,...,sn−1

(2) ∀ U ∈ Un: U is path connected and diam(U) < 1/n
(3) f ([as1,s2,...,sn , as1,s2,...,sn+1]) ⊆ Us1,s2,...,sn

Put Sn = {(s1, s2, . . . , sn) ∣ 0 ⩽ si < ki}.
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Since una ∈ h(π(Un, x)) we have una = h(∏
s∈Sn

rs

∏
i=1

[αs,iβs,iα
−
s,i ]) ∈ A

with αs,i ∶ ([0,1],0)→ (X , x) and βs,i ∶ ([0,1],{0,1})→ Us .

`s

Us

f (as)

Put `s =
rs

∏
i=1

γs,iβs,iγ
−
s,i with γs,i ∶ ([0,1],0)→ (Us , f (as)).

Then una = h̃(∑
s∈Sn

[`s]) where h ∶ π1(X , x)→ H1(X ) h̃→ A.
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Rearrange the paths in H1(X ) so that

[`] =
n−1

∑
i=1

i ! ∑
s∈Si

[`s] + n!
⎛
⎝∑s∈Sn

[`s] + [δs]
⎞
⎠
.

Apply h̃ ∶ H1(X )→ A and recall that uia = h̃(∑
s∈Si

[`s]) to get

h([`]) =
n−1

∑
i=1

i !uia + n!b for some b ∈ A.

Hence,

n! ∣ h([`]) −
n−1

∑
i=1

i !uia in A for all n ⩾ 2.
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Proof

“A homom-T2 rel. H ⇒ A cotorsion-free”

Suppose A contains Q, Jp or Z/pZ for some prime p. Say, Jp ⩽ A.

Retraction induces µ ∶ π1(H,∗)↠
∞

∏
k=1

π1(Ck ,∗) =
∞

∏
k=1

Z.

Then µ(incl#π1(
∞

⋃
k=n

Ck ,∗)) =
∞

∏
k=n

Z for all n ∈ N.

Choose φ ∶
∞

∏
k=1

Z↠ Jp with φ(
∞

∏
k=n

Z) = Jp for all n ∈ N.

Let U ∈ Cov(X ). Choose n ∈ N: incl#π1(
∞

⋃
k=n

Ck ,∗) ⩽ π(U ,∗).

Then Jp = φ(
∞

∏
k=n

Z) = φ ○ µ(incl#π1(
∞

⋃
k=n

Ck ,∗)) ⩽ φ ○ µ(π(U ,∗)).

So, h = φ ○ µ ∶ π1(X ,∗)→ A with ⋂
U

h(π(U , x)) = Jp /= {0}.
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Proof

“A Spanier-trivial rel. G ⇒ A cotorsion-free”

πs(G,∗) = π1(G,∗)↠ H1(G)

Q

== ==

// //

!! !!

Jp

Z/pZ

Theorem

H1(G) =∏
N
Z/⊕

N
Z = (⊕

2ℵ0

Q)⊕
⎛
⎝∏p∈P

Ap
⎞
⎠

where Ap =∏ℵ0
Jp = p-adic completion of ⊕2ℵ0 Jp
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To show: the group H1(G)
(1) is torsion-free and cotorsion [Eda, Kawamura]

(2) contains a subgroup isom. to ⊕2ℵ0 Q [Bogopolski-Zastrow]
(3) contains a pure subgroup isomorphic to ⊕2ℵ0 Z
Express G = Cone(H1) ∨ Cone(H2) with H = H1 ∨H2

Van Kampen: π1(G) = π1(H)/ ⟨⟨π1(H1) ∗ π1(H2)⟩⟩
H1(G) = π1(H)/(π1(H1) ∗ π1(H2))[π1(H), π1(H)]

Let p ∶ H̃→ H be the generalized universal covering.
Then H̃ is an R-tree on which π1(H) acts by homeomorphism.

Key Lemma

Let g ∈ (π1(H1) ∗ π1(H2))[π1(H), π1(H)].

Let f̃ ∶ [a,b]→ H̃ be a geodesic with g = [p ○ f̃ ] = [f ]

.

Then f = f1f2⋯fn such that g = [f1][f2]⋯[fn] and, for each i ,

either fi ⊆ H1, or fi ⊆ H2, or fi is paired with one other fj = f −i .

K. Eda, H. Fischer Cotorsion-free groups from a topological viewpoint



Introduction
Results
Proofs

Cotorsion-free ⇒ Homom-T2 rel. every Peano continuum
Homom-T2 rel. H ⇒ Cotorsion-free
Spanier-trivial rel. G ⇒ Cotorsion-free

To show: the group H1(G)
(1) is torsion-free and cotorsion [Eda, Kawamura]
(2) contains a subgroup isom. to ⊕2ℵ0 Q [Bogopolski-Zastrow]

(3) contains a pure subgroup isomorphic to ⊕2ℵ0 Z
Express G = Cone(H1) ∨ Cone(H2) with H = H1 ∨H2

Van Kampen: π1(G) = π1(H)/ ⟨⟨π1(H1) ∗ π1(H2)⟩⟩
H1(G) = π1(H)/(π1(H1) ∗ π1(H2))[π1(H), π1(H)]

Let p ∶ H̃→ H be the generalized universal covering.
Then H̃ is an R-tree on which π1(H) acts by homeomorphism.

Key Lemma

Let g ∈ (π1(H1) ∗ π1(H2))[π1(H), π1(H)].

Let f̃ ∶ [a,b]→ H̃ be a geodesic with g = [p ○ f̃ ] = [f ]

.

Then f = f1f2⋯fn such that g = [f1][f2]⋯[fn] and, for each i ,

either fi ⊆ H1, or fi ⊆ H2, or fi is paired with one other fj = f −i .

K. Eda, H. Fischer Cotorsion-free groups from a topological viewpoint



Introduction
Results
Proofs

Cotorsion-free ⇒ Homom-T2 rel. every Peano continuum
Homom-T2 rel. H ⇒ Cotorsion-free
Spanier-trivial rel. G ⇒ Cotorsion-free

To show: the group H1(G)
(1) is torsion-free and cotorsion [Eda, Kawamura]
(2) contains a subgroup isom. to ⊕2ℵ0 Q [Bogopolski-Zastrow]
(3) contains a pure subgroup isomorphic to ⊕2ℵ0 Z

Express G = Cone(H1) ∨ Cone(H2) with H = H1 ∨H2

Van Kampen: π1(G) = π1(H)/ ⟨⟨π1(H1) ∗ π1(H2)⟩⟩
H1(G) = π1(H)/(π1(H1) ∗ π1(H2))[π1(H), π1(H)]

Let p ∶ H̃→ H be the generalized universal covering.
Then H̃ is an R-tree on which π1(H) acts by homeomorphism.

Key Lemma

Let g ∈ (π1(H1) ∗ π1(H2))[π1(H), π1(H)].

Let f̃ ∶ [a,b]→ H̃ be a geodesic with g = [p ○ f̃ ] = [f ]

.

Then f = f1f2⋯fn such that g = [f1][f2]⋯[fn] and, for each i ,

either fi ⊆ H1, or fi ⊆ H2, or fi is paired with one other fj = f −i .

K. Eda, H. Fischer Cotorsion-free groups from a topological viewpoint



Introduction
Results
Proofs

Cotorsion-free ⇒ Homom-T2 rel. every Peano continuum
Homom-T2 rel. H ⇒ Cotorsion-free
Spanier-trivial rel. G ⇒ Cotorsion-free

To show: the group H1(G)
(1) is torsion-free and cotorsion [Eda, Kawamura]
(2) contains a subgroup isom. to ⊕2ℵ0 Q [Bogopolski-Zastrow]
(3) contains a pure subgroup isomorphic to ⊕2ℵ0 Z
Express G = Cone(H1) ∨ Cone(H2) with H = H1 ∨H2

Van Kampen: π1(G) = π1(H)/ ⟨⟨π1(H1) ∗ π1(H2)⟩⟩
H1(G) = π1(H)/(π1(H1) ∗ π1(H2))[π1(H), π1(H)]

Let p ∶ H̃→ H be the generalized universal covering.
Then H̃ is an R-tree on which π1(H) acts by homeomorphism.

Key Lemma

Let g ∈ (π1(H1) ∗ π1(H2))[π1(H), π1(H)].

Let f̃ ∶ [a,b]→ H̃ be a geodesic with g = [p ○ f̃ ] = [f ]

.

Then f = f1f2⋯fn such that g = [f1][f2]⋯[fn] and, for each i ,

either fi ⊆ H1, or fi ⊆ H2, or fi is paired with one other fj = f −i .

K. Eda, H. Fischer Cotorsion-free groups from a topological viewpoint



Introduction
Results
Proofs

Cotorsion-free ⇒ Homom-T2 rel. every Peano continuum
Homom-T2 rel. H ⇒ Cotorsion-free
Spanier-trivial rel. G ⇒ Cotorsion-free

To show: the group H1(G)
(1) is torsion-free and cotorsion [Eda, Kawamura]
(2) contains a subgroup isom. to ⊕2ℵ0 Q [Bogopolski-Zastrow]
(3) contains a pure subgroup isomorphic to ⊕2ℵ0 Z
Express G = Cone(H1) ∨ Cone(H2) with H = H1 ∨H2

Van Kampen: π1(G) = π1(H)/ ⟨⟨π1(H1) ∗ π1(H2)⟩⟩

H1(G) = π1(H)/(π1(H1) ∗ π1(H2))[π1(H), π1(H)]
Let p ∶ H̃→ H be the generalized universal covering.
Then H̃ is an R-tree on which π1(H) acts by homeomorphism.

Key Lemma

Let g ∈ (π1(H1) ∗ π1(H2))[π1(H), π1(H)].

Let f̃ ∶ [a,b]→ H̃ be a geodesic with g = [p ○ f̃ ] = [f ]

.

Then f = f1f2⋯fn such that g = [f1][f2]⋯[fn] and, for each i ,

either fi ⊆ H1, or fi ⊆ H2, or fi is paired with one other fj = f −i .

K. Eda, H. Fischer Cotorsion-free groups from a topological viewpoint



Introduction
Results
Proofs

Cotorsion-free ⇒ Homom-T2 rel. every Peano continuum
Homom-T2 rel. H ⇒ Cotorsion-free
Spanier-trivial rel. G ⇒ Cotorsion-free

To show: the group H1(G)
(1) is torsion-free and cotorsion [Eda, Kawamura]
(2) contains a subgroup isom. to ⊕2ℵ0 Q [Bogopolski-Zastrow]
(3) contains a pure subgroup isomorphic to ⊕2ℵ0 Z
Express G = Cone(H1) ∨ Cone(H2) with H = H1 ∨H2

Van Kampen: π1(G) = π1(H)/ ⟨⟨π1(H1) ∗ π1(H2)⟩⟩
H1(G) = π1(H)/(π1(H1) ∗ π1(H2))[π1(H), π1(H)]

Let p ∶ H̃→ H be the generalized universal covering.
Then H̃ is an R-tree on which π1(H) acts by homeomorphism.

Key Lemma

Let g ∈ (π1(H1) ∗ π1(H2))[π1(H), π1(H)].

Let f̃ ∶ [a,b]→ H̃ be a geodesic with g = [p ○ f̃ ] = [f ]

.

Then f = f1f2⋯fn such that g = [f1][f2]⋯[fn] and, for each i ,

either fi ⊆ H1, or fi ⊆ H2, or fi is paired with one other fj = f −i .

K. Eda, H. Fischer Cotorsion-free groups from a topological viewpoint



Introduction
Results
Proofs

Cotorsion-free ⇒ Homom-T2 rel. every Peano continuum
Homom-T2 rel. H ⇒ Cotorsion-free
Spanier-trivial rel. G ⇒ Cotorsion-free

To show: the group H1(G)
(1) is torsion-free and cotorsion [Eda, Kawamura]
(2) contains a subgroup isom. to ⊕2ℵ0 Q [Bogopolski-Zastrow]
(3) contains a pure subgroup isomorphic to ⊕2ℵ0 Z
Express G = Cone(H1) ∨ Cone(H2) with H = H1 ∨H2

Van Kampen: π1(G) = π1(H)/ ⟨⟨π1(H1) ∗ π1(H2)⟩⟩
H1(G) = π1(H)/(π1(H1) ∗ π1(H2))[π1(H), π1(H)]

Let p ∶ H̃→ H be the generalized universal covering.
Then H̃ is an R-tree on which π1(H) acts by homeomorphism.

Key Lemma

Let g ∈ (π1(H1) ∗ π1(H2))[π1(H), π1(H)].

Let f̃ ∶ [a,b]→ H̃ be a geodesic with g = [p ○ f̃ ] = [f ]

.

Then f = f1f2⋯fn such that g = [f1][f2]⋯[fn] and, for each i ,

either fi ⊆ H1, or fi ⊆ H2, or fi is paired with one other fj = f −i .

K. Eda, H. Fischer Cotorsion-free groups from a topological viewpoint



Introduction
Results
Proofs

Cotorsion-free ⇒ Homom-T2 rel. every Peano continuum
Homom-T2 rel. H ⇒ Cotorsion-free
Spanier-trivial rel. G ⇒ Cotorsion-free

To show: the group H1(G)
(1) is torsion-free and cotorsion [Eda, Kawamura]
(2) contains a subgroup isom. to ⊕2ℵ0 Q [Bogopolski-Zastrow]
(3) contains a pure subgroup isomorphic to ⊕2ℵ0 Z
Express G = Cone(H1) ∨ Cone(H2) with H = H1 ∨H2

Van Kampen: π1(G) = π1(H)/ ⟨⟨π1(H1) ∗ π1(H2)⟩⟩
H1(G) = π1(H)/(π1(H1) ∗ π1(H2))[π1(H), π1(H)]

Let p ∶ H̃→ H be the generalized universal covering.
Then H̃ is an R-tree on which π1(H) acts by homeomorphism.

Key Lemma

Let g ∈ (π1(H1) ∗ π1(H2))[π1(H), π1(H)].

Let f̃ ∶ [a,b]→ H̃ be a geodesic with g = [p ○ f̃ ] = [f ]

.

Then f = f1f2⋯fn such that g = [f1][f2]⋯[fn] and, for each i ,

either fi ⊆ H1, or fi ⊆ H2, or fi is paired with one other fj = f −i .

K. Eda, H. Fischer Cotorsion-free groups from a topological viewpoint



Introduction
Results
Proofs

Cotorsion-free ⇒ Homom-T2 rel. every Peano continuum
Homom-T2 rel. H ⇒ Cotorsion-free
Spanier-trivial rel. G ⇒ Cotorsion-free

To show: the group H1(G)
(1) is torsion-free and cotorsion [Eda, Kawamura]
(2) contains a subgroup isom. to ⊕2ℵ0 Q [Bogopolski-Zastrow]
(3) contains a pure subgroup isomorphic to ⊕2ℵ0 Z
Express G = Cone(H1) ∨ Cone(H2) with H = H1 ∨H2

Van Kampen: π1(G) = π1(H)/ ⟨⟨π1(H1) ∗ π1(H2)⟩⟩
H1(G) = π1(H)/(π1(H1) ∗ π1(H2))[π1(H), π1(H)]

Let p ∶ H̃→ H be the generalized universal covering.
Then H̃ is an R-tree on which π1(H) acts by homeomorphism.

Key Lemma

Let g ∈ (π1(H1) ∗ π1(H2))[π1(H), π1(H)].
Let f̃ ∶ [a,b]→ H̃ be a geodesic with g = [p ○ f̃ ] = [f ].

Then f = f1f2⋯fn such that g = [f1][f2]⋯[fn] and, for each i ,

either fi ⊆ H1, or fi ⊆ H2, or fi is paired with one other fj = f −i .

K. Eda, H. Fischer Cotorsion-free groups from a topological viewpoint



Introduction
Results
Proofs

Cotorsion-free ⇒ Homom-T2 rel. every Peano continuum
Homom-T2 rel. H ⇒ Cotorsion-free
Spanier-trivial rel. G ⇒ Cotorsion-free

To show: the group H1(G)
(1) is torsion-free and cotorsion [Eda, Kawamura]
(2) contains a subgroup isom. to ⊕2ℵ0 Q [Bogopolski-Zastrow]
(3) contains a pure subgroup isomorphic to ⊕2ℵ0 Z
Express G = Cone(H1) ∨ Cone(H2) with H = H1 ∨H2

Van Kampen: π1(G) = π1(H)/ ⟨⟨π1(H1) ∗ π1(H2)⟩⟩
H1(G) = π1(H)/(π1(H1) ∗ π1(H2))[π1(H), π1(H)]

Let p ∶ H̃→ H be the generalized universal covering.
Then H̃ is an R-tree on which π1(H) acts by homeomorphism.

Key Lemma

Let g ∈ (π1(H1) ∗ π1(H2))[π1(H), π1(H)].
Let f̃ ∶ [a,b]→ H̃ be a geodesic with g = [p ○ f̃ ] = [f ].
Then f = f1f2⋯fn such that g = [f1][f2]⋯[fn] and, for each i ,

either fi ⊆ H1, or fi ⊆ H2, or fi is paired with one other fj = f −i .

K. Eda, H. Fischer Cotorsion-free groups from a topological viewpoint



Introduction
Results
Proofs

Cotorsion-free ⇒ Homom-T2 rel. every Peano continuum
Homom-T2 rel. H ⇒ Cotorsion-free
Spanier-trivial rel. G ⇒ Cotorsion-free

H1(G) = π1(H)/N with N = (π1(H1) ∗ π1(H2))[π1(H), π1(H)].
Say H1 = ⋃

2∤k

Ck and H2 =⋃
2∣k

Ck . Let `k = loop around Ck .

Consider a = [`1`2`3⋯] ∈ π1(H).

Claim: Z ≅ ⟨aN⟩ is a pure subgroup of H1(G) = π1(H)/N.

(A ⩽ B is pure if ∀a ∈ A: n∣a in B ⇒ n∣a in A.)

Suppose: am = bnc for some b ∈ π1(H), c ∈ N, m ⩾ 1, n ⩾ 0.

Show: n > 0 and n ∣ m.

Since H1(G) is torsion-free, we may assume m = 1: c = b−na.

For g ∈ π1(H), represented as p-image of an arc [x̃ , ỹ] ⊆ H̃, define

T±
k (g) = number of subarcs of [x̃ , ỹ] projecting to (`k`k+1`k+2⋯)±.

Lemma ⇒ 0 = T+
k (c) −T−

k (c) = 1 − n(T+
k (b) −T−

k (b)), large k .

Hence n ∣ 1.

Have: Z ≅ ⟨aN⟩ is a pure subgroup of H1(G) = π1(H)/N.

Now vary the construction:

For α = (sk)k ∈ {1,2}N, put Nα = {
n

∑
k=1

sk2n−k ∣ n ∈ N} ⊆ N.

Then Nα is infinite and Nα ∩Nβ is finite ∀α /= β.

For Nα = {k1 < k2 < ⋯} put aα = [`2k1−1`2k1`2k2−1`2k2`2k3−1`2k3⋯].

Then ⊕2ℵ0 Z ≅ ⟨aαN ∣ α ∈ {1,2}N⟩ is pure in H1(G) = π1(H)/N.

K. Eda, H. Fischer Cotorsion-free groups from a topological viewpoint



Introduction
Results
Proofs

Cotorsion-free ⇒ Homom-T2 rel. every Peano continuum
Homom-T2 rel. H ⇒ Cotorsion-free
Spanier-trivial rel. G ⇒ Cotorsion-free

H1(G) = π1(H)/N with N = (π1(H1) ∗ π1(H2))[π1(H), π1(H)].
Say H1 = ⋃

2∤k

Ck and H2 =⋃
2∣k

Ck . Let `k = loop around Ck .

Consider a = [`1`2`3⋯] ∈ π1(H).

Claim: Z ≅ ⟨aN⟩ is a pure subgroup of H1(G) = π1(H)/N.

(A ⩽ B is pure if ∀a ∈ A: n∣a in B ⇒ n∣a in A.)

Suppose: am = bnc for some b ∈ π1(H), c ∈ N, m ⩾ 1, n ⩾ 0.

Show: n > 0 and n ∣ m.

Since H1(G) is torsion-free, we may assume m = 1: c = b−na.

For g ∈ π1(H), represented as p-image of an arc [x̃ , ỹ] ⊆ H̃, define
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T±
k (g) = number of subarcs of [x̃ , ỹ] projecting to (`k`k+1`k+2⋯)±.
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Lemma ⇒ 0 = T+
k (c) −T−

k (c) = 1 − n(T+
k (b) −T−

k (b)), large k .

Hence n ∣ 1.

Have: Z ≅ ⟨aN⟩ is a pure subgroup of H1(G) = π1(H)/N.

Now vary the construction:

For α = (sk)k ∈ {1,2}N, put Nα = {
n

∑
k=1

sk2n−k ∣ n ∈ N} ⊆ N.

Then Nα is infinite and Nα ∩Nβ is finite ∀α /= β.

For Nα = {k1 < k2 < ⋯} put aα = [`2k1−1`2k1`2k2−1`2k2`2k3−1`2k3⋯].

Then ⊕2ℵ0 Z ≅ ⟨aαN ∣ α ∈ {1,2}N⟩ is pure in H1(G) = π1(H)/N.

K. Eda, H. Fischer Cotorsion-free groups from a topological viewpoint



Introduction
Results
Proofs

Cotorsion-free ⇒ Homom-T2 rel. every Peano continuum
Homom-T2 rel. H ⇒ Cotorsion-free
Spanier-trivial rel. G ⇒ Cotorsion-free

H1(G) = π1(H)/N with N = (π1(H1) ∗ π1(H2))[π1(H), π1(H)].
Say H1 = ⋃

2∤k

Ck and H2 =⋃
2∣k

Ck . Let `k = loop around Ck .

Consider a = [`1`2`3⋯] ∈ π1(H).

Claim: Z ≅ ⟨aN⟩ is a pure subgroup of H1(G) = π1(H)/N.

(A ⩽ B is pure if ∀a ∈ A: n∣a in B ⇒ n∣a in A.)

Suppose: am = bnc for some b ∈ π1(H), c ∈ N, m ⩾ 1, n ⩾ 0.

Show: n > 0 and n ∣ m.

Since H1(G) is torsion-free, we may assume m = 1: c = b−na.

For g ∈ π1(H), represented as p-image of an arc [x̃ , ỹ] ⊆ H̃, define
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