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Let X be a non-empty set. We consider the class C consisting of triads
(8,x,Z), where s = (sg)gep is @ netin X, x e X and Z is an ideal of D.
We shall find several properties of C such that there exists a topology
for X satisfying the following equivalence: ((S4)g4ep, X,Z) € C, where Z
is a proper D-admissible, if and only if (s4)4.p Z-converges to x relative
to the topology .
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Preliminaries

In this section, we recall some of the basic concepts related to the con-
vergence of nets in topological spaces and we refer to [10] for more
details.

Ideals

Let D be a non-empty set. A family Z of subsets of D is called ideal if Z
has the following properties:

Q ocl.

Q IfAcZand Bc A, then Be 7.
Q IfABeZ,thenAuBel.

The ideal Z is called properif D ¢ T.
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Preliminaries

Directed set

A partially ordered set D is called directed if every two elements of D
have an upper bound in D.

If (D,<p)and (E,<g) are directed sets, then the Cartesian product DxE
is directed by <, where (dj,eq) < (db, e2) if and only if d; <p d» and
e1 <g €. Also, if (Eq,<q) is a directed set for each d in a set D, then
the product

[]Es={f: D~ | Ey:f(d) ¢ Eqforall d e D}
deD deD

is directed by <, where f < g if and only if f(d) <4 g(d), for all d € D.
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Preliminaries

Net
A netin a set X is an arbitrary function s from a non-empty directed set
D to X. If s(d) = sy, for all d € D, then the net s will be denoted by the

symbol (Sq)dep-

Semisubnet

A net () in X is said to be a semisubnet of the net (Sg)q4ep in X if
there exists a function ¢ : A - D such that t = so . We write (1)), to
indicate the fact that ¢ is the function mentioned above.

| A

v
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A net (ty\)xen in X is said to be a subnet of the net (sy)q.p in X if there
exists a function ¢ : A — D with the following properties:
Q =50, orequivalently, ty = s, for every X e A.

© For every d € D there exists \g € A such that () > d whenever
A2 Ap.

| \

Remark
Suppose that (f,)%., is a subnet of the net (sq)q4ep in X. For every ideal
7 of the directed set D, we consider the family {Ac A: p(A) e Z}. This
family is an ideal of A which will be denoted by Zx ().

V.
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Preliminaries

Convergence of a net

We say that a net (s4)q4.p converges to a point x € X if for every open
neighbourhood U of x there exists a dy € D such that x € U for all d > d.
In this case we write Ling Sg = X.

€]
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Preliminaries

Z-convergence of a net ([14])

Let X be a topological space and Z an ideal of a directed set D. We
say that a net (sg)qcp Z-converges to a point x € X if for every open
neighbourhood U of x,

{deD:sg¢U}eZ

In this case we write Z — Lirg Sq = x and we say that x is the Z-limit of the
€

net (Xd)deD-

v

If X is a Hausdorff space, then a proper Z-convergent net has a unique
Z-limit ([14]).
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Preliminaries

Natural (Asymptotic) density ([8], [17])

If Ac N, then A(n) will denote the set {k € A: k < n} and |A(n)| will
stand for the cardinality of A(n). The natural density of A is defined by

n—oo

_ i VA
d(A) = lim —

if the limit exists.
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Preliminaries

In what follows (X, p) is a fixed metric space and Z denotes a proper
ideal of subsets of N.
Z-convergence of a sequence in a metric space ([12])

A sequence (xn)ney Of elements of X is said to be Z-convergent to x € X
if and only if for each € > 0 the set Ac = {neN: p(xp,x) > €} € L.

| A\

Example

Take for Z the class Z; of all finite subsets of N. Then Z; is a proper ideal
and Zs-convergence coincides with the usual convergence with respect
to the metric p in X.

| A

Example

Denote by Z4 the class of all subsets A of N with d(A) = 0. Then Zj is
a proper ideal and Z4-convergence coincides with the statistical conver-
gence.

v
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Preliminaries

Let D be a directed set. Foralld e Dwe set My={d" e D:d" > d}.

D-admissible ideal ([14])
Anideal Z of D is called D-admissible, if D~ My € Z, for all d € D.

Proposition ([14])
Let X be a topological space, x € X, and D a directed set. Then,

Zo(D)={AcD:Ac D\ M, for some d € D}

is a proper ideal of D. Moreover, a net (sy)q.p cOnverges to a point x
of a space X if and only if (s4)4.p Zo(D)-converges to x.

v
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Preliminaries

Proposition ([14, Theorem 3])

Let X be a topological space and A ¢ X. If the net (sy)gep in A Z-
converges to the point x € X, where Z is a proper ideal of D, then

X € Clx(A).
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Basic propositions

In what follows X is a topological space, x € X, (Sq)qep is @ net of X,
and Z is an ideal of D.

Proposition
If (Sq)qep is @ net such that sy = x for every d € D, then 7 — gng Sq = X.
€

Proposition
If Zo(D) - LiI‘TEI) Sq = X, then for every subnet (ty)xecn Of the net (Sg)gep We
&
have Zp(A) - lim £ = x.
AeN

| A

| \,

Proposition
IfZ - Lirg Sq = X, then for every semisubnet ()%, of the net (s4)qep We
E

have Zx(p) - |>I\£T/1\ b = x.
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Basic propositions

Proposition
If 7 - !jirgsd = X, where 7 is a proper ideal of D, then there exists a
€

semisubnet (t)xen Of the net (sy4)qep such that Zg(A) - IAer b = x.
€

Proposition
Let D be a directed set and Z a D-admissible ideal of D. If (Sg)qen
does not Z-converge to x, then there exists a subnet (t,)., of the net
(S4)dep such that:

Q@ AcD.

Q ©()) =\, for every X e A.

© No semisubnet (ri)l., of (1), Zk-converges to x, for every
proper ideal Zx of K.

Q Z\(y) is a proper and A-admissible ideal of A.
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Basic propositions

We suppose the following:
@ Dis adirected set.
© ZIpis a proper ideal of D.
© E, is adirected set for each d ¢ D.
© I, is a proper ideal of E4 for each d e D.

@ Ip xIp,,k, is the family of all subsets of D x [14.p Eq for which:
AeIpxTIp,,E, if and only if there exists Ap € Zp such that

{f(d):(d,f) e A} e Zg,, foreach d e D \ Ap.

Then, the family Zp x Iy, g, is a proper ideal of D x []4cp Eg-
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Basic propositions

We suppose the following:
@ Dis adirected set.
© ZIpis a proper ideal of D.
© E, is adirected set for each d € D.
Q ZIg, is aproper ideal of E, for each d € D.

Q (s(d,e))eck, is a net from E4 to a topological space X for each
deD.

Ip-Ilim(Zeg, - lim s(d, e)) = x.
e D dED( Ey eeEy ( ) ))

Then, the net r: D x [14ep Eq — X, where r(d, f) = s(d, f(d)), for every
(d,f) € Dx1gep Eqa, Ip x I1y,., E,~CONVeErges to x.
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Main theorem

Z-convergence classes

Let X be a non-empty set and let C be a class consisting of triads
(8,x,Z), where s = (Sq4)4ep is @ netin X, x € X, and Z is an ideal of

D. We say that the net s Z-converges (C) to x if (s,x,Z) € C. We write
- gng)sd = x(C).
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Main theorem

Z-convergence classes

Let X be a non-empty set and let C be a class consisting of triads
(8,x,Z), where s = (S4)gep is @ netin X, x € X and Z is an ideal of
D. We say that C is a Z-convergence class for X if it satisfies the follow-
ing conditions:

(C1) If (s¢)gep is a net such that sy = x for every d e D and Z is an
ideal of D, then Z - !jigg) Sq = x(C).

(C2) IfZo(D) - 5212) Sq = X(C), then for every subnet (£,)aen Of the net
(Sq)dep We have Zy(A) - I;g)\ t = x(C).

(C3) IfZ- Li,gﬂ) Sq = x(C), where Z is an ideal of D, then for every

semisubnet (ty)xen Of the net (sy)qe.p We have
In() = lim £y = x(C).
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Main theorem

Z-convergence classes
(C4) IfZ- grg sqg = x(C), where 7 is a proper ideal of D, then there
€]

exists a semisubnet (f)%., of the net (sq)q4ep such that
Io(/\) - |)|\n;|\ b= X(C)

(C5) Let D be a directed set and Z a D-admissible ideal of D. If
(54)4ep does not Z-converge (C) to x, then there exists a subnet
(th)%p Of the net (s4)qep such that:

Q AcD.

Q@ (M) =\ forevery AeA.

© No semisubnet (rk)!_, of (t\)%x Zk-converges (C) to x, for
every proper ideal Zx of K.

O Za(yp) is a proper and A-admissible ideal of A.
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Main theorem

Z-convergence classes

(C6) We consider the following hypotheses:

© Dis adirected set.

@ ZIpis a properideal of D.

© E, is adirected set for each d € D.

O ZIg, is a proper ideal of Ey.

O (s(d,e))eck, is anetfrom Ey to X for each d e D.

QO Ip- IJEB ty = x(C), where Zg, - ellerEd s(d, e) = t4(C), for every

deD.

Then, the net r: D x [14.p Eq = X, where r(d, f) = s(d, f(d)), for
every (d,f) e DxI1gep Ed, Ip x I1y,., E,-CONVerges (C) to x.
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Main theorem

Let C be a Z-convergence class for a set X. We consider the func-
tion cl : P(X) - P(X), where cl(A) is the set of all x € X such that,
for some net (sy)qep in A and a proper ideal Z of the directed set D,
(84)dep Z-convergences (C) to x. Then, cl is a closure operator on X
and ((Sq¢)gen; X,Z) € C, where Z is a proper D-admissible ideal, if and
only if (sq)qgep Z-converges to x relative to the topology 7 associated
with cl.

v
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Problems

Convergence classes (J. Kelley)
Let X be a non-empty set and let C be a class consisting of pairs (s, x),
where s = (Sp)pep iS @ netin X and x € X. We say that C is a conver-
gence class for X if it satisfies the conditions listed below. For con-
venience, we say that s converges (C) to x or that lims, = x(C) iff
(s,x)€C.

(C1) If sis a net such that s, = x for each n, then s converges (C) to x.
(C2) If s converge (C) to x, then so does each subnet of s.

(C3) If s does not converge (C) to x, then there exists a subnet of s no
subnet of which converges (C) to x.

(C4) Let D be a directed set, let E;,;, be a directed set and for each
me D, let F be the product D x [1,.p Em and for (m, f) € F let
R(m,f)=(m,f(m)). If Iirrrp Iirrp S(m,n) =x(C),then So R
converges (C) to x.
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Theorem (J. Kelley)

Let (C) be a convergence class for a set X, and for each subset A of
X let cl(A) be the set of all points x such that, for some net sin A, s
convergences (C) to x. Then cl is a closure operator, and (s, x) € C if
and only if s converges to x relative to the topology = associated with
cl.
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Problems

Problem
Compare the above topologies 77 and .
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