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Abstract : In this talk, we investigate dimension of inverse limits
with set-valued functions.
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Dimension of inverse limits with set-valued

functions

Let X; (i € N) be a sequence of compacta and let f; ;1 : Xijg — 2%
be an upper semi-continuous function for each i € N. The inverse
limit of the inverse sequence {X;, f; j11}7°; is the space

im{X;, i1} = {621 | % € fiisa(xis1) for each i € N} < [ X
i=1

which has the topology inherited as a subspace of the product space
H?il Xi.
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In particular, if f: X — 2% is an upper semi-continuous function, we
consider the inverse sequence {X, f} = {X;, fi;11}, where
Xi =X, =f (i € N). We put

M{X, f}={(x)Z; | xi € f(xi11) for each i € N}.
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Let X; (i € N) be a sequence of compacta and let f; ;11 : Xiy1 — X;
be a map (single valued upper semi-continuous function) for each
i € N. Then dim I'&n{X;, fiiv1} <sup{dim X; | i € N}.

Concerning dimension of inverse limits with set-valued functions, the
following theorems have been obtained.

Theorem 2.2 (Bani¢)

Suppose that X is a continuum and A a closed subset of X. Let
g : X — X be a (continuous) map. If f : X — 2% is the upper
semi-continuous function such that G(f) = G(g) U (A x X), then
dim im{X. f} € {dim X, co}.
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Theorem 2.3 (Nall)

Let X; (i € N) be a sequence of compacta and let f; ;1 : Xipq — 2%
be an upper semi-continuous function for each i € N such that one of
the following conditions (1) and (2) is satisfied;

(1) dimf; ;11(x) = 0 for each i € N and x € Xi;1, i.e., Di(f; i1 1) =
(2) dim f;1,(x) = 0 for each i € N and x € X;, i.e, Dl( 1) = 0.
Then dim lim{X;, f,; 1} < sup{dim X; | i € N}.

0.

Theorem 2.4 (Ingram)

><|

Let X; (i € N) be a sequence of compacta and let f; ;11 : Xj41 — 27
be an upper semi-continuous function for each i € N. If for each

i >0, Z; is a closed O-dimensional subset of X; such that

8ii+1 = ll+1|( i+1 = Zi+1) Is a mapping and f,Jl(Zl) Is
O-dimensional for each i > 2 and j > i, then

dim lim{X;, fi i1} < sup{dim X; [ i € N}.
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To evaluate dimension of generalized inverse limits, we need the
following notations.

For a function f : X — 2Y, we put
Di(f) = {x € X| dimf(x) > 1}, Di(f ') ={y € Y| dimf}(y) > 1},

where f~1(B) = {x € X| f(x) N B # (0} for a subset B of Y.
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Let X; (i € N) be a sequence of compacta and let f; ;1 : Xi1q — 2%
be an upper semi-continuous function for each i € N.

Let y € X, and x € X,y (n < n’). We consider the following
conditions:

y x| yé€fhpx)
: = Dl(fnz:rlﬂJrl)

:n>2and y € Di(f,_1.,)

Also, let x € X, and y € X,y (m+2 < m’). We consider the
following condition:

(x —=>y|: y € Di(f-1,m) and dim[f, L, (X) N oy ()] > 1

In particular, we also consider the following condition:
xQy|: mM=m+2,x¢€ Dl(f,;}nﬂ),y € Di(fni1.m+2) and

dim[f 11 (%) N g1 mea(y)] > 1.
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For each x, € X, with x, € Dl(fnjnlﬂ), we consider the following

sequence:
BYm < BYmy << BYms << = BYmy = BYmy < X0,

where 2 < my,me <n, m+2<my; (i=12,..,k—1) and

Ym; € Xm; (I =1,2,..., k). In this case, we say that the sequence

{Vm;» xn| 1 < i < k} is an expand-contract sequence in {X, f; j+1}72,
with length k. For any expand-contract sequence

S iDYm X DYmy <D = DYy = DY Xp<],

we put d(S) = Y20, dim o1 (Vm;). We define the index
J({X,', f;'7,'+1}) as follows.

JEX:, i })

= sup{d(S) | S is an expand-contract sequence in {X;, f;}3°;}.
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The following is the main theorem of my talk.

Theorem 2.5

Let X; (i € N) be a sequence of compacta and let f; ;1 : Xi11 — 2%
be an upper semi-continuous function for each i € N. Suppose that
dim Dy(fi;41) <0 (i € N). Then

dim lim{X;, fi 41} < J({X, fijs1}) + sup{dim X; | i € N}.
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Theorem 2.6

Let X; (i € N) be a sequence of 1-dimensional compacta and let
fiiv1: Xipr — 2%Xi be a surjective upper semi-continuous function for
each i € N. Suppose that each i > 2, Z; is a O-dimensional closed
subset of X; such that f; j+1|Xis1 — Zig1 : (Xig1 — Zis1) = Xi is a
mapping for each x € X;,1 — Ziy1 and i € N. Then

J({X:, fii+1}) < dim im{X;, fiisa} < J{X, i }) + 1.
Moreover, if there is an expand-contract sequence
D>V = D> Ymy < D> =X Dy < DYy X<

in {X:, f.i11} with length J({X;, f,;11}) = k such that

dim 7T;1(Xn) > O, then dim IIH{X,', f;",'+1} = J({X,, f;'7,'+1}) aF ]., where
T I'H{X,-, fiiv1}tisn — X, is the projection defined by

Tn(Xn, Xnt1, "+ ) = Xa.
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Now, we will define another index T({X;, f;j41}) as follows. Let

{Xi, fi.i11}32, be an inverse sequence with set-valued functions. Also,
let x € X, and y € X,y (m+2 < m'). We consider the following
condition:

Xary]: x € Dilfyh) and dim{fyh (0 0 s mea(y)] > 1

Note that xQy implies x < >y and x<1 > y.
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For each x, € X, with x, € Di(f, 1), we consider the following
sequence:

DXn = Ym<<>=Ym <<= Ymy =< > Y <> Y,

where n < my,m;+2<m;y; (i=1,2,...k—1) and
Yo € X (i = 1,2, ..., k).
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In this case, we say that the sequence (X, Ym,, Y, - » ¥Ym,) iS an
inverse expand-contract sequence in {X;, f; ;11}°; with length k.

Note that a sequence (X, Ymy, Yy, * ** » Ym,) IS @n inverse
expand-contract sequence in the inverse sequence {X;, f; ;41}%°; if
and only if the sequence (Vm,, Ym, 15" » Ymys Xn) 1S @n

expand-contract sequence in the direct sequence {X;, f,_,}rl}?il
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For any inverse expand-contract sequence
S:X = Y <= Yy > Yy << = oo < = Yy <> Y, <

we put d(S) = Yk, dim o1 (Ym;)- We define the index
T({X;, f.i11}) as follows.

1({X:, fii41})
= sup{d(S) | S'is an inverse expand-contract sequence in{X;, f; ;11}}.

If there is no inverse expand-contract sequence in {X;, f',-7;+1}f?§1, we
put /({X;, fiis1}) = 0. In general,

J{X, fin}) # T({X, fivn}).
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Theorem 2.7

Let X; (i € N) be a sequence of compacta and let f; ;1 : Xi11 — 2%
be an upper semi-continuous function for each i € N. Suppose that
dim Dy(f, ;) <0 (i € N). Then

dim M{Xi, ﬁ7;+1} S /({X,, f;',H-l}) T sup{dlm X,' | i € N}
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Example 1. Let n € N with n > 2 and let f : | — C(/) be the
surjective upper semi-continuous function defined by
f(x)=0(x€0,1/n)) and for 1 << n-—1,

F(ifn) =0 =1)/n.i/n],f(x)=i/n (x € (i/n.(i+1)/n)), (1) =
[(n—1)/n,1]. Then

>1/n02/nd - O(n—1)/n<

is a maximal expand-contract sequence and hence J({/,f}) = n—1.
In fact, we see that I@{I, f} is an n-dimensional stepwise polyhedron.
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Example 2. There is an inverse sequence {/;, f; ;11} of intervals with
surjective upper semi-continuous functions such that
dim Dy(f;;+1) <0 (i € N) and

=dimlm{/;, i1} # J({ i) +1=2.

Let C be a Cantor set in [0,1/2]. Let u: C — [0,1/2] be a surjective
map. Consider the following surjective upper semi-continuous
functions I(,",'_,_]_ . /H-l — 2’i (I € N)

(1) fa(x) = u(x) (x €]0,1/2]) and fio|[1/2,1] : [1/2,1] — I is
an onto map.

(2) fos(x) = x (x €[0,1/2)), H3(1/2) = [0,1/2],

ha(x) = x (x € (1/2,1]).

(3) Foa(x) = x (x € [0,1/2)), Fa(x) = {1/2,x} (x € [1/2,1]).
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Also, we will construct f; ;.1 (i > 4) as follows. For any € > 0, we
can construct a surjective upper semi-continuous function

f.: [1/2,1] — 2[/21 such that for some sequence
12=th<ti<t< <t 1<t;=1,

(a) 1(1/2) = 1/2,£(1) = 1,

(b) f|(ti, tir1) (i =1,2,...,ts_1) is an injective map and
£(11/2,1]) = [1/2,1],

(c) f.(t;) is two point set for i = 1,2, ..., t;_; and each diameter of
G(f|(t;, tiv1)) (C G(f)) is less than .
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By use of maps f, : [1/2,1] — 2[1/21 for sufficiently small ¢ > 0 and
by induction on i (> 4) we can construct surjective upper-semi
continuous functions f;;,; : ;1 — 2 such that £;,4][0,1/2] = id
and dim I'@{[l/2, 1], fii+1][1/2,1]}22, = 0. Note that

>Xx3 = 1/2 — X3 = 1/2 < (X3 c /3)
In fact, J({/;, fii+1}) = 1. Since

dimlim{[1/2,1], f.;11|[1/2,1]}32, = 0, we see that dim w3 '(x3) = 0
and #ence dim I@{/,-, fiixa}=0.
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