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Notation and conventions:

o Z(X) is the power set of X.

Z. is the ideal of sets of size < «.
fin = .7, ctble = .7,,,.
We will be working with the Boolean algebras #2(\)/.%..

[A] will denote the equivalence class of a set A C \.

Every Question is open (as far as | know).
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Question

Consider the Boolean algebras #(x)/ fin, where « is an infinite
cardinal. Are any two of them (consistently) isomorphic?

This problem was almost completely solved in the 1970’s:

Theorem (Balcar-Frankiewicz, 1978)

Suppose k. < X and Z(k)/fin and () / fin are isomorphic.
Thenk =w and A = wy.

Question (The Katowice Problem)

Is it consistent with ZFC that &?(w)/ fin and #(w¢)/ fin are
isomorphic?
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Theorem (Chodounsky, Dow, Hart, de Vries, 2015)

Suppose #(w)/ fin and #(w4)/ fin are isomorphic. Then there
is a nontrivial automorphism of &(w)/ fin.

(An automorphism 7 of Z(X)/.# is trivial if there is a function
f: X — X such that 7([A]) = [f"(A)] for all A C X.)
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Theorem (Chodounsky, Dow, Hart, de Vries, 2015)

Suppose #(w)/ fin and #(w4)/ fin are isomorphic. Then there
is a nontrivial automorphism of &(w)/ fin.

(An automorphism 7 of Z(X)/.# is trivial if there is a function
f: X — X such that 7([A]) = [f"(A)] for all A C X.)

A natural question to ask is: what effect does an isomorphism
P(w)/fin ~ P(wq)/fin have on the automorphism group of
P(wq)/fin?

In particular, what automorphisms of &?(w)/ fin have properties
that are interesting when given to automorphisms of
P(wq)/fin?
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For example: if ¢ is the shift automorphism of Z2(w)/ fin, i.e.
o([Al) = [{n+ 1| ne Al
then o has no fixed points other than [0] and [w].

Question

Is it consistent with ZFC that there exists an automorphism of
Z(wq)/ fin whose only fixed points are [(] and [w1]?
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A caveat for our results is that they only apply to
cardinality-preserving automorphisms.

Definition

An automorphism = of #2(\)/.# is cardinality-preserving if for
every A C )\ there is B C \ with the same cardinality such that
([A]) = [B].

(An automorphism of Z?(w4)/fin could take a countable set to
an uncountable set, or vice-versa, if Z(w)/fin ~ 2(wq)/fin).
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Theorem (M.-Larson)

Suppose there is a cardinality-preserving automorphism of
P (w1)/ fin whose set of ordinal fixed points is nonstationary.
Then 2¥ = 2“1,

The proof goes through ladder systems.
Definition

A ladder system on a set S of ordinals is a collection L, C «
(o € S) such that each L, is cofinal in « and has order-type
cf(a).

Definition

A ladder system L, (« € S) has x-uniformization if for every
family of colorings f, : L, — &, there is a function
F :sup(S) — ksuch thatforalla € S, F[L, =* f,.
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Theorem (M.-Larson)

Let m be a cardinality-preserving automorphism of 2?(w)/ fin,
and let

So = {a <wi [ 7([o]) £ [a]}

S1 = {a <wi [n([o]) Z [a]}

Then for each i < 2 there is a ladder system on a club subset of
S; which satisfies 2-uniformization.
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Theorem (M.-Larson)

Let m be a cardinality-preserving automorphism of 2?(w)/ fin,
and let

So = {a <wi [ n([o]) £ [a]}
S1 = {a <wi [n([o]) Z [a]}

Then for each i < 2 there is a ladder system on a club subset of
S; which satisfies 2-uniformization.

Theorem (Devlin-Shelah)

Suppose Sy and Sy are subsets of wy such that Sy U S;
contains a club, and each S; supports a ladder system with
2-uniformization. Then 2* = 2“1,
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Proof (for Sp): Suppose 7([a]) £ [«] but 7([3]) < [«] for all
B < a. (This is where we need a club subset of Sy.)

‘ m(a) \ «
/ —x(6)

The excess, when pulled back through =, is infinite and has
finite intersection with every 5 < «, hence is cofinal in o and
has order-type w. Call this set L,.

f—
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Now suppose a coloring f, : L, — 2 is given for each such «.
Then 7 defines colorings on each excess set.

/LL

Since each excess set is countable and lies above its «, we can
thin out the as to make the excess sets disjoint.

Then we can just put their colorings together. The image of this
coloring under =~ uniformizes the f,’s. O
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An automorphism 7 of Z2()\)/fin is cardinality-preserving if and
only if 7 induces an automorphism of Z2(\)/ ctble.

Question

Is there consistently a nontrivial automorphism of &7(\)/ ctble
for some uncountable \?



Motivation Fixed points and ladder systems Qp-sets and 2?()\)/ ctble 2@2r)) 7 + One last question

Definition

We say that a set of reals X C R is a Qg-set if for every Y C X,
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Definition

We say that a set of reals X C R is a Qg-set if for every Y C X,
there is a Borel BC Rsuchthat BN X =Y.

Assuming MA,, every set of reals of size « is a Qg set, and
moreover the Borel sets used are M3. (This essentially follows
from almost-disjoint coding.) Such a set is called a Q-set.

Remark

If there is a Qg-set X of size A, then there is a countable family
of subsets of A which generates &7(\) as a o-algebra. Note
also that #7(\)/ ctble is countably complete (assuming

cfA > w).
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Theorem (Larson-M.)

Suppose there exists a Qg-set X of size \, where cf A > w.
Then the following are equivalent.

1. There exists a Qg set Y of size \ suchthat X N'Y = 0 and
for every Borel B, |[BN X| + X = |BN Y| + No.
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Theorem (Larson-M.)

Suppose there exists a Qg-set X of size \, where cf A > w.
Then the following are equivalent.

1. There exists a Qg set Y of size \ suchthat X N'Y = 0 and
for every Borel B, |[BN X| + X = |BN Y| + No.

2. There exists a nontrivial, cardinality-preserving
automorphism of #(\)/ ctble.

Corollary

Suppose that there exists a Qg-set of size \, and for every pair
of Qg-sets X and Y of size \, X U'Y is also a Qg-set. Then
there is no nontrivial, cardinality-preserving automorphism of
Z(N)/ ctble.



Proof of (1 — 2):

(O T <=

<

Q>



Qp-sets and 2?()\)/ ctble

Proof of (1 = 2): Suppose X, Y C R are Qg-sets of size ),
with X N'Y = (), and for all Borel B, |BN X| +Rg = |[BN Y|+ Rq.
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Proof of (1 = 2): Suppose X, Y C R are Qg-sets of size ),
with X N'Y = (), and for all Borel B, |BN X| +Rg = |[BN Y|+ Rq.
We’ll define an isomorphism

7 P(X)/ctble — 2(Y)/ctble

such that there is no bijection f : X — Y such that
7w([A]) = [f"(A)] forall A C X.

Here it is: for all Borel B C R,

(BN X])=[BNY]



~(1BNX) =B Y]

(O T <=

Q>
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some Borel B, C, then (B A C) N X is countable, hence
(BA C)NYistoo.
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(BN X]) =[BN Y]

o 7 is well-defined: if (BN X) A (C N X) is countable for
some Borel B, C, then (B A C) N X is countable, hence
(BA C)NYistoo.

e 7 is an isomorphism: because X and Y are Qp sets.

e 7 is nontrivial: suppose f : X — Y is such that
f"(Bn X) A (BN Y) is countable for every Borel B. Then
there is a countable set S such that

f'INNX)A(NNY)C S

for every N in a fixed countable basis for R. It follows that
f =id off of S, hence X N Y # (), a contradiction.

O
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Qp-sets and 2?()\)/ ctble

Remark

Suppose Z(w)/fin and #(w4)/ fin are isomorphic. Then there
is a Q-set of size w;.

Question

Let X and Y be Qg-sets of size wy. Is X U Y necessarily a
Qp-set?

If no, then we’ve found a nontrivial automorphism of
P(wq)/ ctble. If yes, then Z2(w)/ fin ~ £ (wq)/fin implies that
every automorphism of #(w¢)/ ctble is trivial.

Theorem (Fleissner-Miller, 1980)

It is consistent with ZFC that there exists a Q-set X of size w1
such that X U Q is not a Q-set.

(It's easy to see that X U Q is a Qg set, though.)
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What can we say about an automorphism of Z2(\)/.#, which is
trivial on some family of subsets of \?

Theorem (Larson-M.)

Suppose  is an automorphism of Z(2%)/.7,.+ which is trivial
on every set of size k. Then  is trivial.

Remark
While this is a theorem true in ZFC, it is only interesting when
28 > kT,
Remark

The function f : 2& — 2" defined in the proof is definable for any
automorphism = of &2(2%)/.#,.+, and witnesses the triviality of =
on a certain x-complete ideal. The hypothesis on 7 is used to
show that this ideal is everything.



One last question

Question

Is there, consistently, an isomorphism 22(wq)/fin — 2(w)/ fin
which is trivial on every countable subset of wq?



Thank you!

<o <P o«

Q>
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