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A few results on partition spectra

Partitioning the real line into Borel sets

It is easy to see that R can be partitioned into n Borel sets for any
finite n>0. . .
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Partitioning the real line into Borel sets
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or into ¢ Borel sets (for example, just partition it into singletons).
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A few results on partition spectra

Partitioning the real line into Borel sets

It is easy to see that R can be partitioned into n Borel sets for any
finite n>0. . .
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or into ¢ Borel sets (for example, just partition it into singletons).

Though it is not quite as easy to see, there is also a partition of R
into N; Borel sets (regardless of whether ¢ = X;)
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A few results on partition spectra

Partitioning the real line into Borel sets

It is easy to see that R can be partitioned into n Borel sets for any
finite n>0. . .

&
<

+

or into Ng Borel sets . . .
— e

or into ¢ Borel sets (for example, just partition it into singletons).

Though it is not quite as easy to see, there is also a partition of R
into N; Borel sets (regardless of whether ¢ = X;):

Theorem (Hausdorff, 1936)

There is a partition of R into N1 nonempty F,s sets.
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A few results on partition spectra

What about sets of lower complexity?

Is it possible to partition R into Ny sets of even lower complexity?
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A few results on partition spectra

What about sets of lower complexity?

Is it possible to partition R into Ny sets of even lower complexity?

Theorem (Fremlin and Shelah, 1979)

The following are equivalent:

@ There is a partition of R into N1 nonempty Ggs sets.
@ There is a partition of R into N1 nonempty Gg, sets.

© R can be covered with X1 meager sets, i.e., cov(M) = N;.
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A few results on partition spectra

What about sets of lower complexity?

Is it possible to partition R into Ny sets of even lower complexity?

Theorem (Fremlin and Shelah, 1979)

The following are equivalent:

@ There is a partition of R into N1 nonempty Ggs sets.
@ There is a partition of R into N1 nonempty Gg, sets.

© R can be covered with X1 meager sets, i.e., cov(M) = N;.

Proof that (3) = (1).
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A few results on partition spectra

What about sets of lower complexity?

Is it possible to partition R into Ny sets of even lower complexity?

Theorem (Fremlin and Shelah, 1979)

The following are equivalent:

@ There is a partition of R into N1 nonempty Ggs sets.
@ There is a partition of R into N1 nonempty Gg, sets.

© R can be covered with X1 meager sets, i.e., cov(M) = N;.

Proof that (3) = (1).

Suppose {F, : o < w1} enumerates a covering of R with N; closed
nowhere dense sets.
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A few results on partition spectra

What about sets of lower complexity?

Is it possible to partition R into Ny sets of even lower complexity?

Theorem (Fremlin and Shelah, 1979)

The following are equivalent:

@ There is a partition of R into N1 nonempty Ggs sets.
@ There is a partition of R into N1 nonempty Gg, sets.

© R can be covered with X1 meager sets, i.e., cov(M) = N;.

Proof that (3) = (1).

Suppose {F, : o < w1} enumerates a covering of R with N; closed
nowhere dense sets. For each «, let Go = Fo \ U, Fe-
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A few results on partition spectra

What about sets of lower complexity?

Is it possible to partition R into Ny sets of even lower complexity?

Theorem (Fremlin and Shelah, 1979)

The following are equivalent:

@ There is a partition of R into N1 nonempty Ggs sets.
@ There is a partition of R into N1 nonempty Gg, sets.

© R can be covered with X1 meager sets, i.e., cov(M) = N;.

Proof that (3) = (1).

Suppose {F, : o < w1} enumerates a covering of R with N; closed
nowhere dense sets. For each «, let Go = Fo \ Ug,, Fe- Then
{Go: a<wi}\ {0} is a partition of R into ; Gs sets. O
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A few results on partition spectra

What about sets of even lower complexity?

Is it possible to partition R into N sets of even lower complexity?
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A few results on partition spectra

What about sets of even lower complexity?

Is it possible to partition R into N sets of even lower complexity?

CH implies there is a partition of R into X; closed sets (singletons).
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A few results on partition spectra

What about sets of even lower complexity?

Is it possible to partition R into N sets of even lower complexity?

CH implies there is a partition of R into X; closed sets (singletons).

Theorem (Sierpinski, 1918)
Any partition of R into >2 closed sets has size at least cov(M).
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A few results on partition spectra

What about sets of even lower complexity?

Is it possible to partition R into N sets of even lower complexity?

CH implies there is a partition of R into X; closed sets (singletons).

Theorem (Sierpinski, 1918)
Any partition of R into >2 closed sets has size at least cov(M).

Theorem (Stern, 1977)

It is consistent with the failure of CH that R can be partitioned
into N1 closed sets.
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A few results on partition spectra

What about sets of even lower complexity?

Is it possible to partition R into N sets of even lower complexity?

CH implies there is a partition of R into X; closed sets (singletons).

Theorem (Sierpinski, 1918)

Any partition of R into >2 closed sets has size at least cov(M).

Theorem (Stern, 1977)

It is consistent with the failure of CH that R can be partitioned
into N1 closed sets.

Theorem (Miller, 1980)

There is a partition of R into Ry closed sets if and only if there is a
partition into N1 F, sets.

v
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A few results on partition spectra

What about sets of even lower complexity?

Is it possible to partition R into N sets of even lower complexity?

CH implies there is a partition of R into X; closed sets (singletons).

Theorem (Sierpinski, 1918)
Any partition of R into >2 closed sets has size at least cov(M).

Theorem (Stern, 1977)

It is consistent with the failure of CH that R can be partitioned
into N1 closed sets.

Theorem (Miller, 1980)

There is a partition of R into Ry closed sets if and only if there is a
partition into N1 F, sets. Furthermore, the existence of such a
partition is not implied by cov(M) = N;.

v
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A few results on partition spectra

The starting point for me

To summarize what we've seen so far, all of the following
implications hold in ZFC, and none of them reverses:

[The Continuum Hypothesisj

= [There is a partition of R into N; closed / F, setsj

— [There is a partition of R into 8y G5 / Gj, setsj

— [ There is a partition of R into Ny F s sets J

and furthermore, this last assertion is a theorem of ZFC.
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A few results on partition spectra

The starting point for me

To summarize what we've seen so far, all of the following
implications hold in ZFC, and none of them reverses:

[The Continuum Hypothesisj

= [There is a partition of R into N; closed / F, setsj

— [There is a partition of R into 8y G5 / Gj, setsj

— [ There is a partition of R into Ny F s sets J

and furthermore, this last assertion is a theorem of ZFC.

What about partitions of R into more than Xy Borel sets?
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A few results on partition spectra

What's different about bigger k7

Recall from earlier the easy part of the Fremlin-Shelah theorem:
If cov(M) = Xy, there is a partition of R into X; Gs sets.
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A few results on partition spectra

What's different about bigger k7

Recall from earlier the easy part of the Fremlin-Shelah theorem:
If cov(M) = Xy, there is a partition of R into X; Gs sets.

Suppose {F, : @ < w1} enumerates a covering of R with N; closed
nowhere dense sets. For each o, let Go = Fo \ Ug,, Fe- Then
{Go: a<wi}\ {0} is a partition of R into R; Gy sets. O
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A few results on partition spectra

What's different about bigger k7

Recall from earlier the easy part of the Fremlin-Shelah theorem:
If cov(M) = Xy, there is a partition of R into X; Gs sets.

Suppose {F, : @ < w1} enumerates a covering of R with N; closed
nowhere dense sets. For each o, let Go = Fo \ Ug,, Fe- Then
{Go: a<wi}\ {0} is a partition of R into R; Gy sets. O

This proof simply doesn't work for k > Nj.
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A few results on partition spectra

What's different about bigger k7

Recall from earlier the easy part of the Fremlin-Shelah theorem:
If cov(M) = Xy, there is a partition of R into X; Gs sets.

Suppose {F, : @ < w1} enumerates a covering of R with N; closed
nowhere dense sets. For each «, let Go = Fo \ Ug,, Fe- Then
{Go: a<wi}\ {0} is a partition of R into R; Gy sets. O

This proof simply doesn't work for k > Nj.

Open question:

Does cov(M) = k imply there is a partition of R into k Gs sets?
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A few results on partition spectra

What's different about bigger k7

Recall from earlier the easy part of the Fremlin-Shelah theorem:
If cov(M) = Xy, there is a partition of R into X; Gs sets.

Suppose {F, : @ < w1} enumerates a covering of R with N; closed
nowhere dense sets. For each «, let Go = Fo \ Ug,, Fe- Then
{Go: a<wi}\ {0} is a partition of R into R; Gy sets. O

This proof simply doesn't work for k > Nj.

Open question:

Does cov(M) = k imply there is a partition of R into k Gs sets?

Also, Hausdorff's result does not extend to cardinals >R;.
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A few results on partition spectra

What's different about bigger k7

Recall from earlier the easy part of the Fremlin-Shelah theorem:
If cov(M) = Xy, there is a partition of R into X; Gs sets.

Suppose {F, : @ < w1} enumerates a covering of R with N; closed
nowhere dense sets. For each «, let Go = Fo \ Ug,, Fe- Then
{Go: a<wi}\ {0} is a partition of R into R; Gy sets. O

This proof simply doesn't work for k > Nj.

Open question:
Does cov(M) = k imply there is a partition of R into k Gs sets?

Also, Hausdorff's result does not extend to cardinals >R;.

Theorem (Miller, 1989)

Consistently, ¢ > Ny and R cannot be partitioned into N, Borel sets.

= = = = =
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A few results on partition spectra

The partition spectrum of a pointclass

For what uncountable cardinals x is there a partition of R into
precisely x Borel sets? What does the set of all such k look like?
What about Gj sets or closed sets, or other pointclasses of sets?

Will Brian Partitioning the real line into Borel sets



A few results on partition spectra

The partition spectrum of a pointclass

For what uncountable cardinals x is there a partition of R into
precisely x Borel sets? What does the set of all such k look like?
What about Gj sets or closed sets, or other pointclasses of sets?

For a pointclass I' of sets, define the [ partition spectrum as

sp(r) = {k > No : there is a partition of R into x sets in I'}.

Will Brian Partitioning the real line into Borel sets



A few results on partition spectra

The partition spectrum of a pointclass

For what uncountable cardinals x is there a partition of R into
precisely x Borel sets? What does the set of all such k look like?
What about Gj sets or closed sets, or other pointclasses of sets?

For a pointclass I' of sets, define the [ partition spectrum as

sp(r) = {k > No : there is a partition of R into x sets in I'}.

Proposition

For many ‘“reasonable” pointclasses I (e.g., closed, Borel),
sp(r) = {k > Ng : there is a partition of X into k sets in '}
for any uncountable Polish space X.
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A few results on partition spectra

The partition spectrum of a pointclass

For what uncountable cardinals k is there a partition of R into
precisely x Borel sets? What does the set of all such k look like?
What about Gj sets or closed sets, or other pointclasses of sets?

For a pointclass I' of sets, define the [ partition spectrum as

sp(r) = {k > No : there is a partition of R into x sets in I'}.

Proposition

For many ‘“reasonable” pointclasses I (e.g., closed, Borel),
sp(r) = {k > Ng : there is a partition of X into k sets in '}

for any uncountable Polish space X.

We know that Xj, ¢ € sp(Borel), and it is consistent with =CH to
have Ry ¢ sp(Borel). Can anything else be said?
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A few results on partition spectra

The main theorem

Theorem (B., 2022)

Let C be a set of uncountable cardinals such that
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A few results on partition spectra

The main theorem

Theorem (B., 2022)

Let C be a set of uncountable cardinals such that

o min(C) is regular,
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A few results on partition spectra

The main theorem

Theorem (B., 2022)

Let C be a set of uncountable cardinals such that

o min(C) is regular,
o |C| < min(C),

Will Brian Partitioning the real line into Borel sets



A few results on partition spectra

The main theorem

Theorem (B., 2022)

Let C be a set of uncountable cardinals such that

o min(C) is regular,
o |C| < min(C),

o C has a maximum with cf(max(C)) > w,
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A few results on partition spectra

The main theorem

Theorem (B., 2022)

Let C be a set of uncountable cardinals such that

o min(C) is regular,
|C| < min(C),

o C has a maximum with cf(max(C)) > w,

o}

(e}

C is closed under singular limits, and
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A few results on partition spectra

The main theorem

Theorem (B., 2022)

Let C be a set of uncountable cardinals such that

o min(C) is regular,
|C| < min(C),

o C has a maximum with cf(max(C)) > w,

o}

(e}

C is closed under singular limits, and
if X is singular and \ € C, then \* € C.

O
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A few results on partition spectra

The main theorem

Theorem (B., 2022)

Let C be a set of uncountable cardinals such that

o min(C) is regular,

o |C| < min(C),

o C has a maximum with cf(max(C)) > w,
o C is closed under singular limits, and

o if X is singular and A\ € C, then \™ € C.

Assuming GCH holds up to max(C), there is a ccc forcing
extension in which C = sp(closed), and furthermore, if
min(C) < u ¢ C, then p ¢ sp(Borel).
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A few results on partition

The main theorem

Theorem (B., 2022)

Let C be a set of uncountable cardinals such that

o min(C) is regular,
|C| < min(C),

o C has a maximum with cf(max(C)) > w,

o}

(e}

C is closed under singular limits, and
if X is singular and \ € C, then \* € C.
Assuming GCH holds up to max(C), there is a ccc forcing

extension in which C = sp(closed), and furthermore, if
min(C) < u ¢ C, then p ¢ sp(Borel).

O

The proof utilizes an “isomorphism-of-names” argument in order to
exclude cardinals 11 ¢ C from sp(Borel).

Will Brian Partitioning the real line into Borel sets



A few results on partition spectra

Some corollaries

Given any A C w \ {0}, there is a forcing extension in which
sp(closed) = {N,: n€ A} U{R,, Ny41}.
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A few results on partition spectra

Some corollaries

Given any A C w \ {0}, there is a forcing extension in which
sp(closed) = {N,: n€ A} U{R,, Ny41}.

Let C be a countable set of uncountable cardinals such that
o Ny € C and C has a maximum with cf(max(C)) > w,
o C is closed under singular limits, and
o if X is singular and \ € C, then AT € C.

v
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A few results on partition spectra

Some corollaries

Given any A C w \ {0}, there is a forcing extension in which
sp(closed) = {N,: n€ A} U{R,, Ny41}.

Let C be a countable set of uncountable cardinals such that
o Ny € C and C has a maximum with cf(max(C)) > w,
o C is closed under singular limits, and
o if X is singular and \ € C, then AT € C.

Assuming GCH holds up to max(C), there is a ccc forcing
extension in which C = sp(Borel).
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A few results on partition

Some corollaries

Given any A C w \ {0}, there is a forcing extension in which
sp(closed) = {N,: n€ A} U{R,, Ny41}.

Let C be a countable set of uncountable cardinals such that
o Ny € C and C has a maximum with cf(max(C)) > w,
o C is closed under singular limits, and
o if X is singular and \ € C, then AT € C.

Assuming GCH holds up to max(C), there is a ccc forcing
extension in which C = sp(Borel).

Thus, given any A C w \ {0}, there is a forcing extension in which
ﬁp(Borel) = {Nn 1 neE A} U {Nl, N, Nw+1}.

v
= = — - =
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Limitations on the Borel spectrum

The structure of sp(Borel)

This theorem/corollary can be used to produce models in which
sp(Borel) has the following features:
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Limitations on the Borel spectrum

The structure of sp(Borel)

This theorem/corollary can be used to produce models in which
sp(Borel) has the following features:

@ sp(Borel) is countable,

Q min(ﬁp(Borel)) = Nl,

© sp(Borel) has a maximum with uncountable cofinality,
Q sp(Borel) is closed under singular limits, and

© if X is singular and X\ € sp(Borel), then AT € sp(Borel).
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Limitations on the Borel spectrum

The structure of sp(Borel)

This theorem/corollary can be used to produce models in which
sp(Borel) has the following features:

@ sp(Borel) is countable,

Q min(ﬁp(Borel)) = Nl,

© sp(Borel) has a maximum with uncountable cofinality,
Q sp(Borel) is closed under singular limits, and

© if X is singular and X\ € sp(Borel), then AT € sp(Borel).

Which of these items represent essential features of sp(Borel), and
which just represent limitations of the techniques used to prove the
theorems on the previous slides?
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Limitations on the Borel spectrum

sp(Borel) need not be countable

© sp(Borel) is countable
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Limitations on the Borel spectrum

sp(Borel) need not be countable

© sp(Borel) is countable

The first item on our list simply represents a limitation of our proof
technique:

Theorem (B. & Miller, 2015)

For any cardinal k > ¢ with uncountable cofinality, there is a ccc
forcing extension in which sp(Borel) = [Xy, &].
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Limitations on the Borel spectrum

sp(Borel) need not be countable

© sp(Borel) is countable

The first item on our list simply represents a limitation of our proof
technique:

Theorem (B. & Miller, 2015)

For any cardinal k > ¢ with uncountable cofinality, there is a ccc
forcing extension in which sp(Borel) = [Xy, &].

(2] min(sp(Borel)) =N

© sp(Borel) has a maximum with uncountable cofinality
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Limitations on the Borel spectrum

sp(Borel) need not be countable

© sp(Borel) is countable

The first item on our list simply represents a limitation of our proof
technique:

Theorem (B. & Miller, 2015)

For any cardinal k > ¢ with uncountable cofinality, there is a ccc
forcing extension in which sp(Borel) = [Xy, &].

(2] min(sp(Borel)) =N
© sp(Borel) has a maximum with uncountable cofinality

The second and third items on our list are necessary features of
sp(Borel), because R; € sp(Borel) by Hausdorff's theorem, and
¢ = max(sp(Borel)) has uncountable cofinality.

Will Brian Partitioning the real line into Borel sets



Limitations on the Borel spectrum

Singular limits

© sp(Borel) is closed under singular limits
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Limitations on the Borel spectrum

Singular limits

© sp(Borel) is closed under singular limits

The fourth item on our list is also a necessary feature of sp(Borel):

Proposition

sp(Borel) is closed under singular limits.
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Limitations on the Borel spectrum

Singular limits

© sp(Borel) is closed under singular limits

The fourth item on our list is also a necessary feature of sp(Borel):

Proposition

sp(Borel) is closed under singular limits.

Suppose A is a limit of cardinals (s : @ < k) in sp(Borel), with
k= cf(\) < \.
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Limitations on the Borel spectrum

Singular limits

© sp(Borel) is closed under singular limits

The fourth item on our list is also a necessary feature of sp(Borel):

Proposition

sp(Borel) is closed under singular limits.

Suppose A is a limit of cardinals (s : @ < k) in sp(Borel), with
r = cf(X) < A. Pick py > £, and fix a partition P of w® into s
Borel sets.
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Limitations on the Borel spectrum

Singular limits

© sp(Borel) is closed under singular limits

The fourth item on our list is also a necessary feature of sp(Borel):

Proposition

sp(Borel) is closed under singular limits.

Suppose A is a limit of cardinals (s : @ < k) in sp(Borel), with
r = cf(X) < A. Pick py > £, and fix a partition P of w® into s
Borel sets. Without loss of generality, assume all members of this
partition are uncountable.
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Limitations on the Borel spectrum

Singular limits

© sp(Borel) is closed under singular limits

The fourth item on our list is also a necessary feature of sp(Borel):

Proposition

sp(Borel) is closed under singular limits.

Suppose A is a limit of cardinals (s : @ < k) in sp(Borel), with
r = cf(X) < A. Pick py > £, and fix a partition P of w® into s
Borel sets. Without loss of generality, assume all members of this
partition are uncountable.

Fix k sets (B, : a < k) in this partition.
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Limitations on the Borel spectrum

Singular limits

© sp(Borel) is closed under singular limits

The fourth item on our list is also a necessary feature of sp(Borel):

Proposition

sp(Borel) is closed under singular limits.

Suppose A is a limit of cardinals (s : @ < k) in sp(Borel), with
r = cf(X) < A. Pick py > £, and fix a partition P of w® into s
Borel sets. Without loss of generality, assume all members of this
partition are uncountable.

Fix k sets (B, : a < k) in this partition. Each B, contains an
uncountable Polish space K.
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Limitations on the Borel spectrum

Singular limits

© sp(Borel) is closed under singular limits

The fourth item on our list is also a necessary feature of sp(Borel):

Proposition

sp(Borel) is closed under singular limits.

Suppose A is a limit of cardinals (s : @ < k) in sp(Borel), with

r = cf(X) < A. Pick py > £, and fix a partition P of w® into s
Borel sets. Without loss of generality, assume all members of this
partition are uncountable.

Fix k sets (B, : a < k) in this partition. Each B, contains an
uncountable Polish space K,. Partition K, into u, Borel sets, and
then replace each B, in P with these p, sets and B, \ K. O
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Limitations on the Borel spectrum

Successors of singular cardinals

Q if X is singular and X\ € sp(Borel), then AT € sp(Borel)
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Limitations on the Borel spectrum

Successors of singular cardinals

Q if X is singular and X\ € sp(Borel), then AT € sp(Borel)

The last item on our list seems a bit more subtle. The following
result provides a partial answer to the question of whether this
represents a necessary feature of sp(Borel):
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Limitations on the Borel spectrum

Successors of singular cardinals

Q if X is singular and X\ € sp(Borel), then AT € sp(Borel)

The last item on our list seems a bit more subtle. The following
result provides a partial answer to the question of whether this
represents a necessary feature of sp(Borel):

Theorem (B.)

Suppose that 0f does not exist. If X is a singular cardinal with
cf(\) = w and X € sp(Borel), then AT € sp(Borel).
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Limitations on the Borel spectrum

Successors of singular cardinals

Q if X is singular and X\ € sp(Borel), then AT € sp(Borel)

The last item on our list seems a bit more subtle. The following
result provides a partial answer to the question of whether this
represents a necessary feature of sp(Borel):

Theorem (B.)

Suppose that 0f does not exist. If X is a singular cardinal with
cf(\) = w and X € sp(Borel), then AT € sp(Borel).

Open question:

Is it consistent (relative to some large cardinal hypothesis) that
there is a singular cardinal A with X € sp(Borel) but A\* ¢ sp(Borel) ?
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Limitations on the Borel spectrum

Successors of singular cardinals

Q if X is singular and X\ € sp(Borel), then AT € sp(Borel)

The last item on our list seems a bit more subtle. The following
result provides a partial answer to the question of whether this
represents a necessary feature of sp(Borel):

Theorem (B.)

Suppose that 0f does not exist. If X is a singular cardinal with
cf(\) = w and X € sp(Borel), then AT € sp(Borel).

Open question:

Is it consistent (relative to some large cardinal hypothesis) that
there is a singular cardinal A with X € sp(Borel) but A\* ¢ sp(Borel) ?
In particular, is it consistent to have a partition of R into X, Borel
sets, but not N, 117
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Limitations on the Borel spectrum

Partitioning a space into Polish spaces

For any space X, define

par(X) = min{|P| : P is a partition of X into Polish spaces}.
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Limitations on the Borel spectrum

Partitioning a space into Polish spaces

For any space X, define
par(X) = min{|P| : P is a partition of X into Polish spaces}.

Note that par(X) is well defined and <|X| for every X, because we
may partition X into singletons (which are Polish).
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Limitations on the Borel spectrum

Partitioning a space into Polish spaces

For any space X, define
par(X) = min{|P| : P is a partition of X into Polish spaces}.

Note that par(X) is well defined and <|X| for every X, because we
may partition X into singletons (which are Polish).

To prove the partial result on the previous slide, we will be
particularly interested in par(X) for spaces of the form X = D%,
where D is discrete.
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Limitations on the Borel spectrum

Partitioning a space into Polish spaces

For any space X, define

par(X) = min{|P| : P is a partition of X into Polish spaces}.
Note that par(X) is well defined and <|X| for every X, because we
may partition X into singletons (which are Polish).

To prove the partial result on the previous slide, we will be
particularly interested in par(X) for spaces of the form X = D%,
where D is discrete.

For the remainder of the talk, all ordinals are considered to carry
the discrete topology.
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Limitations on the Borel spectrum

What happens below X,

Lemma (B. & Miller, 2015)
If0 < n <w, then par(w?) = N,.
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Limitations on the Borel spectrum

What happens below X,

Lemma (B. & Miller, 2015)
If0 < n <w, then par(w?) = N,.

Proof sketch.
We will just show one direction: that par(wy) < N,.

v
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Limitations on the Borel spectrum

What happens below X,

Lemma (B. & Miller, 2015)
If0 < n <w, then par(w?) = N,.

Proof sketch.

We will just show one direction: that pat(w¥) < X,. The proof is
by induction on n.

v
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Limitations on the Borel spectrum

What happens below X,

Lemma (B. & Miller, 2015)
If0 < n <w, then par(w?) = N,.

Proof sketch.

We will just show one direction: that pat(w¥) < X,. The proof is
by induction on n. Assume this holds for some particular n. Let

XB:/Bn\Ua<Ban

for all ordinals w, < 8 < wpi1.

v
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Limitations on the Borel spectrum

What happens below X,

Lemma (B. & Miller, 2015)
If0 < n <w, then par(w?) = N,.

Proof sketch.

We will just show one direction: that pat(w¥) < X,. The proof is
by induction on n. Assume this holds for some particular n. Let

XB :/Bn\ch<Ban
for all ordinals w, < 8 < wpt1. If cf(B) > w then Xz =0

v
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Limitations on the Borel spectrum

What happens below X,

Lemma (B. & Miller, 2015)
If0 < n <w, then par(w?) = N,.

Proof sketch.

We will just show one direction: that pat(w¥) < X,. The proof is
by induction on n. Assume this holds for some particular n. Let

XB:/Bn\Ua<Ban

for all ordinals w, < 8 < wpt1. If ¢f(B) > w then Xz =0, and if
cf(B) < w then it is not too difficult to see that X3 is a Gs set
(hence completely metrizable), and is in fact homeomorphic to w¥.

v
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Limitations on the Borel spectrum

What happens below X,

Lemma (B. & Miller, 2015)
If0 < n <w, then par(w?) = N,.

Proof sketch.

We will just show one direction: that pat(w¥) < X,. The proof is
by induction on n. Assume this holds for some particular n. Let

XB = /Bn\Ua<Ban
for all ordinals w, < 8 < wpt1. If ¢f(B) > w then Xz =0, and if
cf(B) < w then it is not too difficult to see that X3 is a Gs set
(hence completely metrizable), and is in fact homeomorphic to w¥.
Thus wy/, | can be partitioned into R,1 copies of w}, and applying
the induction hypothesis, we can obtain a partition of wy ; into
N,+1 Polish spaces. O]

v
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Limitations on the Borel spectrum

What happens below N,

Theorem (B. & Miller, 2015)

Let 0 < n < w. Then there is a continuous bijection w$ — w®
if and only if X, € sp(Borel).
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Limitations on the Borel spectrum

What happens below X,

Theorem (B. & Miller, 2015)

Let 0 < n < w. Then there is a continuous bijection w$ — w®
if and only if X, € sp(Borel).

\

Proof sketch.
<: Suppose P is a partition of w” into N,, Borel sets.

Will Brian Partitioning the real line into Borel sets



Limitations on the Borel spectrum

What happens below X,

Theorem (B. & Miller, 2015)

Let 0 < n < w. Then there is a continuous bijection w$ — w®
if and only if X, € sp(Borel).

\

Proof sketch.

<: Suppose P is a partition of w® into X, Borel sets. This implies
that there is a continuous bijection f : w, X W* — w®.
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Limitations on the Borel spectrum

What happens below X,

Theorem (B. & Miller, 2015)

Let 0 < n < w. Then there is a continuous bijection w$ — w®
if and only if X, € sp(Borel).

\

Proof sketch.

<: Suppose P is a partition of w® into X, Borel sets. This implies
that there is a continuous bijection f : w, x w* — w*. But then
the map f* (which acts like f on every coordinate) is a continuous
bijection from (w, x w*)* ~ w¥ onto (w¥)* ~ w®.

=: Let P be a partition of w¥ into X, Polish spaces, and suppose
f:w¥ — w" is a continuous bijection.
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Limitations on the Borel spectrum

What happens below X,

Theorem (B. & Miller, 2015)

Let 0 < n < w. Then there is a continuous bijection w$ — w®
if and only if X, € sp(Borel).

\

Proof sketch.

<: Suppose P is a partition of w® into X, Borel sets. This implies
that there is a continuous bijection f : w, x w* — w*. But then
the map f* (which acts like f on every coordinate) is a continuous
bijection from (w, x w*)* ~ w¥ onto (w¥)* ~ w®.

=: Let P be a partition of w¥ into X, Polish spaces, and suppose
f:w¥ — w" is a continuous bijection. Then {f[X]: X € P} is a
partition of w® into N, Borel sets. O]
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Limitations on the Borel spectrum

What happens at N7

Lemma (B., 2022)

If k is an uncountable cardinal, then par(x*) > cf([x]¥,<). In
particular, par(ws) > Ny41.
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Limitations on the Borel spectrum

What happens at N7

Lemma (B., 2022)

If k is an uncountable cardinal, then par(x*) > cf([x]¥, C). In
particular, par(ws) > Ny41.

If 0t does not exist, then par(x*) = cf([k]*,C) = kT for every
Kk > Vo with cf(k) = w.

Will Brian Partitioning the real line into Borel sets



Limitations on the Borel spectrum

What happens at N7

Lemma (B., 2022)

If k is an uncountable cardinal, then par(x*) > cf([x]¥, C). In

particular, par(ws) > Ny41.

If 0t does not exist, then par(x*) = cf([k]*,C) = kT for every
K > Vo with cf(k) = w. In particular, if 0T does not exist then

par(wy) = No1.
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What happens at N7

Lemma (B., 2022)

If k is an uncountable cardinal, then par(x*) > cf([x]¥, C). In

particular, par(ws) > Ny41.

If 0t does not exist, then par(x*) = cf([k]*,C) = kT for every
K > Vo with cf(k) = w. In particular, if 0T does not exist then

par(wy) = No1.

The proof essentially uses “L-like” combinatorial principles to push
the inductive arguments for the w,'s past singular cardinals.
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Limitations on the Borel spectrum

What happens at N7

Lemma (B., 2022)

If K is an uncountable cardinal, then par(k“) > cf([x]*, C). In
particular, par(ws) > Ny41.

If 0t does not exist, then par(x*) = cf([k]*,C) = kT for every
K > Vo with cf(k) = w. In particular, if 0T does not exist then

par(wy) = No1.

The proof essentially uses “L-like” combinatorial principles to push
the inductive arguments for the w,'s past singular cardinals.

Theorem (B.)

Suppose that 01 does not exist. If X is a singular cardinal with
cf(A\) = w and X\ € sp(Borel), then At e sp(Borel).
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Limitations on the Borel spectrum

What happens at N7

Theorem (B.)
Suppose 0f does not exist. IfR,, € sp(Borel) then R, 1 € sp(Borel).
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Limitations on the Borel spectrum

What happens at N7

Theorem (B.)
Suppose 0f does not exist. IfR,, € sp(Borel) then R, 1 € sp(Borel).

Proof sketch.

Suppose P is a partition of w* into W, Borel sets.
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Limitations on the Borel spectrum

What happens at N7

Theorem (B.)
Suppose 0f does not exist. IfR,, € sp(Borel) then R, 1 € sp(Borel).

Proof sketch.

Suppose P is a partition of w* into X, Borel sets. This implies
that there is a continuous bijection f : w, X w* — w®.
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Limitations on the Borel spectrum

What happens at N7

Theorem (B.)
Suppose 0f does not exist. IfR,, € sp(Borel) then R, 1 € sp(Borel).

Proof sketch.

Suppose P is a partition of w* into X, Borel sets. This implies
that there is a continuous bijection f : w, X w* — w®. But then,
as before, the map f“ is a continuous bijection from

(wy X w?)¥ = wY onto (w”)“ ~ w¥.
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Limitations on the Borel spectrum

What happens at N7

Theorem (B.)
Suppose 0f does not exist. IfR,, € sp(Borel) then R, 1 € sp(Borel).

Proof sketch.

Suppose P is a partition of w* into X, Borel sets. This implies
that there is a continuous bijection f : w, X w* — w®. But then,
as before, the map f“ is a continuous bijection from

(wy X w?)¥ = wY onto (w”)“ ~ w¥.

By the lemma on the previous slide, if 0f does not exist then there
is a partition Q of w? into N, 11 Polish spaces.
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Limitations on the Borel spectrum

What happens at N7

Theorem (B.)
Suppose 0f does not exist. IfR,, € sp(Borel) then R, 1 € sp(Borel).

Proof sketch.

Suppose P is a partition of w* into X, Borel sets. This implies
that there is a continuous bijection f : w, X w* — w®. But then,
as before, the map f“ is a continuous bijection from

(wy X w?)¥ = wY onto (w”)“ ~ w¥.

By the lemma on the previous slide, if 0f does not exist then there
is a partition Q of w? into N, 11 Polish spaces. But then, because
f¥ is a continuous bijection, {f¥[X]: X € Q} is a partition of w®
into N, 1 Borel sets. O
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Limitations on the Borel spectrum

How to ruin this argument using large cardinals

Note that the argument on the previous slide really just uses
“0f does not exist” to ensure that pat(w®) = Ny, 1.
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Limitations on the Borel spectrum

How to ruin this argument using large cardinals

Note that the argument on the previous slide really just uses
“0f does not exist” to ensure that par(w?) = V1. It is consistent,
in two different ways, for this equality to fail:
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Limitations on the Borel spectrum

How to ruin this argument using large cardinals

Note that the argument on the previous slide really just uses
“0T does not exist” to ensure that par(w®) = V1. It is consistent,
in two different ways, for this equality to fail:

@ Recall from a previous slide that par(w®) > cf([w,]*, €). By
work of Gitik, it is consistent relative to a measurable cardinal
r of Mitchell order k1 that cf([w,]¥, C) > Nyp1.
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Limitations on the Borel spectrum

How to ruin this argument using large cardinals

Note that the argument on the previous slide really just uses
“0T does not exist” to ensure that par(w®) = V1. It is consistent,
in two different ways, for this equality to fail:

@ Recall from a previous slide that par(w®) > cf([w,]*, €). By
work of Gitik, it is consistent relative to a measurable cardinal
r of Mitchell order k1 that cf([w,]¥, C) > Nyp1.

@ Beginning with GCH plus the generalized Chang Conjecture
(Nw+1, Ny) = (Rq,Rp), which is consistent relative to a huge
cardinal, and then adding >, 1 Cohen reals results in a
model in which cf([wy]¥, C) = Ry11 < par(wy).
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Limitations on the Borel spectrum

A few more questions

Open question:

Is it consistent that Ny € sp(Borel) but N ¢ sp(closed)?
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Limitations on the Borel spectrum

A few more questions

Open question:

Is it consistent that Ny € sp(Borel) but N ¢ sp(closed)?

Open question:

Is it consistent that sp(Borel) # sp(OD(R))?
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Limitations on the Borel spectrum

A few more questions

Open question:
Is it consistent that Ny € sp(Borel) but N ¢ sp(closed)?

Open question:
Is it consistent that sp(Borel) # sp(OD(R))?

Open question:

Given some o with 0 < o < wy, is it consistent that

sp(M3) # sp(No.a)?

Currently we know the answer only for « = 1 and 2, and the
answer is yes in both cases.
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Limitations on the Borel spectrum

A few more questions

Open question:

Is it consistent that Ny € sp(Borel) but N ¢ sp(closed)?

Open question:
Is it consistent that sp(Borel) # sp(OD(R))?

Open question:

Given some o with 0 < o < wy, is it consistent that

sp(T%) # sp(Me.)?

Currently we know the answer only for « = 1 and 2, and the
answer is yes in both cases.

Open question:

Is sp(Borel) closed under regular limits?

™ 7= - = =
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Thank you for listening
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