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f(y) =y foreveryy € Y.

> A metrizable compact space X is said to be an absolute
retract (AR) provided that for every homeomorphic
embedding f of X into a metrizable compact space Z, the
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> Every AR is a locally connected continuum.

» Borsuk: A locally connected continuum X C R? is an AR if
and only if R?\ X is connected.
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Dudék, Vejnar: If Xi, Xo € R? are ARs such that X is
homeomorphic to 0X5, then X; is homeomorphic to Xo.
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smallest o-algebra on X containing every open subset of X.
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» A standard Borel space is a measurable space which is
isomorphic to (X, Borel(X)) for some Polish space X.

» Fact: If X is a Polish space and B is a Borel subset of X, then
B equipped with the o-algebra {A C B; A € Borel(X)} is a
standard Borel space.



Borel reductions

> Let X, Y be standard Borel spaces and let E, F be
equivalence relations on X, Y respectively.



Borel reductions

> Let X, Y be standard Borel spaces and let E, F be
equivalence relations on X, Y respectively.

» A mapping ¢: X — Y is said to be a Borel reduction from E
to F provided that ¢ is measurable and

Vxi,xo € X:(x1,x) € E <~ (go(xl),go(X2)) cF.



Borel reductions

> Let X, Y be standard Borel spaces and let E, F be
equivalence relations on X, Y respectively.

» A mapping ¢: X — Y is said to be a Borel reduction from E
to F provided that ¢ is measurable and

Vxi,xo € X:(x1,x) € E <~ (go(xl),go(X2)) cF.

> We say that E is Borel reducible to F if there is a Borel
reduction from E to F. If this is the case, we write E<gF.



Borel reductions

> Let X, Y be standard Borel spaces and let E, F be
equivalence relations on X, Y respectively.

» A mapping ¢: X — Y is said to be a Borel reduction from E
to F provided that ¢ is measurable and

Vxi,xo € X:(x1,x) € E <~ (go(xl),go(X2)) cF.

> We say that E is Borel reducible to F if there is a Borel
reduction from E to F. If this is the case, we write E<gF.

» If both E<gF and F<gE hold true, we say that E is Borel
bireducible with F.



Borel reductions

>

| 4

Let X, Y be standard Borel spaces and let E, F be
equivalence relations on X, Y respectively.

A mapping ¢: X — Y is said to be a Borel reduction from E
to F provided that ¢ is measurable and

Vxi,xo € X:(x1,x) € E <~ (go(xl),go(X2)) cF.

We say that E is Borel reducible to F if there is a Borel
reduction from E to F. If this is the case, we write E<gF.

If both E<gF and F<gE hold true, we say that E is Borel
bireducible with F.
Many important equivalence relations (ERs) in mathematics

can be naturally represented by ERs on suitable standard Borel
spaces. The notion of Borel reducibility can then be applied.
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» The works of Melleray and Zielinski imply that the
homeomorphism ER of metrizable compact spaces is Borel
bireducible with the isometry ER of separable Banach spaces.

» Ferenczi, Louveau, Rosendal: The isomorphism ER of
separable Banach spaces is Borel bireducible with the
universal analytic ER.
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» Becker, Kechris: Let S, be the symmetric group on N. An
equivalence relation E on a standard Borel space X is
classifiable by countable structures if and only if there is a
standard Borel space Y and a Borel measurable action ¢ of
S on Y such that E is Borel reducible to the orbit ER
induced by .

» Chang, Gao: Let n € N. Then the homeomorphism ER of
compact sets in R” is classifiable by countable structures if
and only if n=1.
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» Duddak, Vejnar: The homeomorphism ER of ARs in R3 is not
classifiable by countable structures.

» Dudak, Vejnar: The homeomorphism ER of locally connected
continua in R? is not classifiable by countable structures.

» Question 1: Is the homeomorphism ER of absolute
neighborhood retracts in R? classifiable by countable
structures?

» Question 2: Is it true that the homeomorphism ER of
compact sets in R? is strictly less complex than the
homeomorphism ER of metrizable compact spaces?



Thank you for your attention.



