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A closure space or a Cech closure space is a pair (X, c¢)
where X is a set and ¢ : 2X — 2% is a closure operator
such that:

(i) c(0) = 0; (i) AC c(A); (iii) c(AU B) = c(A) U c(B).
In other words, a Cech closure is a topological (or
Kuratowski) closure where the idempotency of the closure
is not imposed.

In this talk we will discuss how to transpose to closure
spaces some countable notions usual in topological spaces
such as: separability, Lindelofness, first and second
countability, ... and study how they compare to each other

using the axiom of choice, some weak forms of choice or in
a choice-free context.
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For a (pseudo)metric space, T.F.A.E:
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Lindelof (L);

Separable (S);

Second Countable (SC);

Topologically Totally Bounded (TTB) — it is equivalent to a
totally bounded space;

preLindelof (PL) — for every e > 0, exists a countable family
A of open ball of radius ¢ such that X = |J A;
Topologically preLindelof (TPL);

Quasi Totally Bounded (TQTB) — for every £ > 0, exists a

countable set A C X such that X = U B.(a);
acA
Topologically Quasi Totally Bounded(TQTB).
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A premetric on X is a function d : X x X — R such that:

(i) d(x,y) >0,

(i) d(x,x) =0,

Every premetric space induces a (pre)closure operator.



Closure spaces(=Pretopological spaces)

c:2X — X

(X, c) is a closure space if c if grounded, extensive and
additive, i.e. :



Closure spaces(=Pretopological spaces)

c:2X — X

(X, c) is a closure space if c if grounded, extensive and
additive, i.e. :

1. ¢c(0) =0,



Closure spaces(=Pretopological spaces)

c:2X — X

(X, c) is a closure space if c if grounded, extensive and
additive, i.e. :

1. ¢c(0) =0,

2. if AC c(A);



Closure spaces(=Pretopological spaces)

c:2X — X

(X, c) is a closure space if c if grounded, extensive and
additive, i.e. :

1. ¢c(0) =0,
2 if AC c(A);

3. c(AUB) = c(A)Uc(B).



Closure spaces(=Pretopological spaces)

c:2X — X

(X, c) is a closure space if c if grounded, extensive and
additive, i.e. :

1. ¢c(0) =0,
2 if AC c(A);

3. c(AUB) = c(A)Uc(B).

Pretopological spaces can equivalently be described with
neighborhoods.

Ne={VIx ¢ c(X\V)}
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N: X — FX, with FX the set of filters on X.

(X, (Nx)xex) is a neighborhood space if for every V € A,
xe V.

c(A)={xe X| (VW eN,) VNA#D}
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Topological reflection

r: PrTfop — Top
(X,c) = (X,T)

Ae T if ¢(X\A) =X\ Aor, equivalently

if A is a neighborhood of all its points.
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Semi-Metrizable Spaces

» Every premetric d induces a closure space (X, ¢) with

c(A) := {x € X | d(x, A) = 0}.

» If the triangle inequality holds, then the closure is topological,
i.e. c(c(A)) = c(A).

» A closure space is semi-metrizable if it is induced by a
semi-metric.

» A topological space is semi-metrizable if it is the reflection of
a semi-metrizable closure space.

> A topological space is symmetrizable if it is a semi-metrizable
as closure space.
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Weak base

A weak base of a topological space (X,7T) is a family
(Wx),ex such that:

L (VW eW,) xe W,
2. every W, is a filter base;

3. AC X is open if and only if
for every x € A there is W € W, such that x ¢ W C A.
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g-first countable spaces
A topological space X is:

» first countable if each point of X has a countable local (or
neighborhood) base.

» g-first countable if X has a weak base which is countable
at each point.

» second countable if there is (By),.x such that for each x,

B, is a local base and U B, is countable.
xeX

» g-second countable if X has a weak base (W), x such
that U W, is countable.

xeX
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First countable Closure spaces

A closure space X is:

» first countable if at each point x, the neighborhood filter
N, has a countable base.

» second countable if there is (By),.x such that for each x,
B, is a base for N, and U B, is countable.

xeX
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g-first countable spaces (again)

A topological space X is g-first countable if X has a weak
base which is countable at each point.

A topological space is g-first countable if it is the reflection of
a pretopological first countable space.

» (X, c) has a countable local base at x if the neighborhood
filter N, has a countable base.

» (X, 7T) has a countable weak base at x if it is the
reflection of a pretopological space which has a countable
base at x.

Notice that having a countable weak base at each
point does not imply being g-first countable.
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A closure space (X, c) is cover-compact if for every family
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A closure space (X, c¢) is (filter)-compact if for every family
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)

The Kuratowski-Mrowka Theorem is valid, i.e.,

(YY) py : x X Y — Y is closed.

c(py(A) € py(c(A))
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Lindelofness in Closure spaces

A closure space (X, ¢) is cover-Lindeldf if for every family
{Ai|i € I} such that {c(A;)|i € I} has the countable intersection

property (c.i.p), then ﬂ c(A
icl

A closure space (X, ¢) is Lindelof if for every family {Ailiel}

such that {c(A;)|i € I} has the c.i.p., thenﬂ i) #0.
iel

Every cover-Lindelof space is Lindelof.
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Results in ZF

» Every g-second countable space is Lindelof iff CC(RR)
(the axiom os countable choice for subsets of R).
[For topological spaces]

» Every second countable space is cover-Lindelof iff CC(R).
[For closure spaces]

» Every second countable space is separable iff CC.

» Every second countable semi-metric space is separable iff
CC(R).

» Every g-first countable space is a sequential space iff CC.
[For topological spaces]

» Every first countable space is a sequential space(= Fréchet
space) iff CC.
[For closure spaces|

» Every semi-metric space is a sequential space(= Fréchet
space) iff CC(R).
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