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Motivations

e s there a digital image (X, k) with a certain group structure on
X7

e Given a digital image (X, k) with a certain group structure,
what relation among elements in the Cartesian product X x X is
the most suitable for establishing a DT-k-group structure on

(X, k)?

Then we are strongly required to have a certain relation making
the Cartesian product X x X connected with respect to the
newly-established relation in X x X.

e With a newly-developed adjacency of X x X, say G,-adjacency.
how can we establish a DT-k-group structure on X derived from
the given digital image (X, k)?
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Queries

e How to introduce the notion of ( Gg«, k;)-continuity of a map
from (X1 x Xa, Gi+) to (Xi, ki) ?

o Let SC,f’I be a simple closed k-curve with | elements in Z".
Then, how to establish a group structure on SC,f’l ?
Furthermore, for SC', we further have the following question.
e How can we formulate a DT-k-group structure from SC,?’I ?
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Some terminology-1

To develop the notion of a DT-k-group, we will use the following
notations.
(1) Dital k-adjacency relations on Z":

n!

k —kmn ZZ C",Where Cln:m

(1.1)

For instance,

'(1, 1,2),
(2,1,4),(2,2,8),

(n,m, k) € ¢ (3,1,6),(3,2,18),(3, 3, 26),
(4,1,8),(4,2,32),(4,3,64), (4,4,80),and
(5,1,10), (5,2,50), (5, 3,130), (5,4,210), (5, 5, 242).

(1.2)
(2) For X C Z",n €N, W|th a certain k-adjacency of (1.1), we say

d . .
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Some terminology-2

e For a digital image (X, k), two points x,y € X are k-path
connected if there is a finite k-path from x to y in X C Z". We
say that a digital image (X, k) is k-connected (or k-path
connected) if any two points x,y € X is k-path connected. Also, a
digital image (X, k) with a singleton is assumed to be k-connected
for any k-adjacency.

e A simple closed k-curve with / elements in Z", denoted by
SC,?’I,4 < /€N, is a sequence (xi)ic[o,/-1], In Z", where x; and x;
are k-adjacent if and only if |i — j| = +1(mod I). Indeed, the
number / of SC,?’I depends on the situation.
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Digital k-neighborhood of the point xy and digital

(ko, k1)-continuity

A. Rosenfeld defined that f : (X, ko) — (Y, k1) is a

(ko, k1)-continuous map if every kp-connected subset of (X, ko)
into a ki-connected subset of (Y, ki).

In a digital image (X, k), for a point xg € X, define a digital
k-neighborhood of the point xg in (X, k) with radius 1, as follows:

Ni(x0,1) = {x € X| xo is k-adjacenct to x}. (2.4)

The digital continuity can be represented by using a digital
k-neighborhood in (2.4), as follows:

Proposition 2.1(Han)

Let (X, ko) and (Y, ki) be digital images on Z™ and Z™,
respectively. A function f : X — Y is (ko, k1)-continuous if and
only if for every x € X, f(Ny,(x,1)) C Ny, (f(x),1).
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Gy+-adjacency relation in X; X X5 which is essential to the

establishment of DT-k-group structure

Definition 4.1

Assume two digital images

(Xi, ki :== ki(ti, n;)), X;i C Z™,i € {1,2}. For distinct points

p = (x1,%2),q := (x{,x5) € X1 x Xo C Z™*™ we say that the
point p is related to g if

{(1) in the case xo = x4, x1 is ki-adjacent to x], and } (4.1)

(2) in the case x; = x}, x» is kp-adjacent to x5.

After that, considering this relation within the k*-adjacency, where
k* := k(t,n1 + n2),t = max{t1, t2}, these two related points p
and g are called Gi+-adjacent in X3 x X,. Besides, this adjacency
is called a Gi=-adjacency of X1 x Xp derived from the given two
digital images (X, k;), i € {1,2}.




Characterization of the Gy:-adjacency relation in a digital
product X; x X5

(1) In Definition 4.1, we use the notation (X1 x Xa, Gy+) to
indicate this digital product X1 x X with the Gy«-adjacency.

(2) (X1 x Xa, Gy+) is a digital space [1].

(3) A Gy--adjacency relation may not be equal to a k*-adjacency
one between two points in X1 X Xo. Namely, the Gy«-adjacency
relation in X1 X X is a new one in X1 X X that need not be equal
to a certain k-adjacency relation in Z™ " of (1.1).

4

TOPOSYM-2022, Sang-Eon Han, Jeonbuk National Univ., Korea



Characterization of the (X7 x Xy, Gx+)

(1) Two k*-adjacent points in X; X Xp C Z™*™ need not be
Gy~-adjacent. However, the converse holds. By Definition 4.1, two
Gy+-adjacent points in X1 x Xo C Z™T™ are k*-adjacent.

(2) We strongly stress on the number k* := k(t, n; + np) of a
Gy+-adjacency relation. Note that the number t is equal to
max{t1, t2} to determine the number k* := k(t, ny + ny) for the
Gi+-adjacency of Xy x Xp, where k; := ki(t;, n;)),i € {1,2}.
Namely, the number k* of a Gi«-adjacency absolutely depends on
the given (X, ki :== ki(ti, n;)),i € {1,2} and the number

t = max{ty, t2}.

(3) For instance, consider 5C82’4 X 5C82’6. Then we have only the
Gsp-adjacency relation in the digital product SC82’4 X SC§’6.
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As a special case of Definition 4.1, we define the following:

Definitioin 4.4

Given a digital image (X, k := k(t,n)),X C Z", the number

k* := k(t,2n) for a Gg«-adjacency of X x X is determined by the
number t of (X, k := k(t, n)) such that any two Gi~-adjacent
points in X x X should only satisfy the condition (4.1) of
Definition 4.1.

This Gg«-adjacency of X x X with the condition of k* := k(t, n)
plays a crucial role in establishing a DT-k-group.
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(1) In Definition 4.4, the number k* of Gy~ is assumed in
X x X C 72" that is different from the number k of the
k-adjacency of the given digital image (X, k := k(t,n)), X C Z".
(2) In view of Definition 4.4, given (X, k := k(t, n)), there is at
least k* := k(t,2n) establishing a Gy~-adjacency of X x X.
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(1) Given (Z,2), (Z?, G;) exists.

(2) (SC,?’I X [a, b]z, Gk+) exists, where k* = k(t,n+ 1) is
determined by the number t of k := k(t, n).

(3) For instance, we obtain (SCj’8 x [0,1]z) with Gg-adjacency
(see Figure 1(a)) and (SCg’6 x [0,1]z) with Gig-adjacency (see
Figure 1(b)).
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Figure 1: Some Gg--adjacency, k* € {6, 18}

Figure: Configuration of the Gg-adjacency of SC2® x [0, 1]z and the
Gig-adjacency 5C82’6 x [0,1]z. In (a), each of the points pg, p» and pg is
Gg-adjacent to the point p;. In (b), each of the points g1, g3 and g7 is
Gig-adjacent to the point go.
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Given two SC"”’ i € {1,2}, there is always a Gy--adjacency of the

digital product SC,fll’l1 X SC,fj’b, where
k* := k(t,n1 + m),t = max{t, ta} and ki := ki(t;, n;),i € {1,2}.
4
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Given two SC"”’ i € {1,2}, there is always a Gy--adjacency of the

digital product SC,fll’l1 X SC,fj’b, where
k* := k(t,n1 + m),t = max{t, ta} and ki := ki(t;, n;),i € {1,2}.
4

(1) SCZ* x SCZ° C Z* has a Gsp-adjacency.
(2) MSCig x MSCig C 7Z° has a Gyo-adjacency (see Figure 2 and
(1.2)).
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Figure 2: Configuration of MSCig
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Definition 4.9

Given two digital images (X, ki :== k(t;, nj)), Xi C Z",i € {1,2},
assume the Cartesian product X; x Xo C Z™T™ with a
Gy~-adjacency. For a point p € X3 X X5, we define

Ng,.(p) == {q € X1 x Xo| q is Gy+-adjacent to p} (4.3)

and
Ng,.(p;1) :== Ng,.(p) U {p} (4.4)

Then we call Ng,.(p,1) a Gi+-neighborhood of p.
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Definition 4.9

Given two digital images (X, ki :== k(t;, nj)), Xi C Z",i € {1,2},
assume the Cartesian product X; x Xo C Z™T™ with a
Gy~-adjacency. For a point p € X3 X X5, we define

Ng,.(p) == {q € X1 x Xo| q is Gy+-adjacent to p} (4.3)

and
Then we call Ng,.(p,1) a Gi+-neighborhood of p.

In view of (4.4), for a digital product with a Gy~-adjacency
(X1 X Xo, Gk*) and a point p := (X1,X2) € X1 x Xo, we have the
following:

NG,.(p,1) = (N (x1,1) X {xo}) U ({x1} x Ni,(x2,1)).  (4.5)

— — . —
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(G, k')-continuity of a map

Definition 4.18

Given two digital images (X, k;), Xi C Z",i € {1,2}, consider the
digital space (X1 x Xa, Gx+) and a digital image (Y, k’). A function
f (X1 x Xa, Gg=) — (Y, k') is (Gg~, k")-continuous at a point

p = (x1,x) if for any point g € X; x X3 such that g € Ng,. (p)
(denoted by p «+¢,. g), we obtain f(q) € Ny/(f(p),1) (denoted by
f(p) < f(q)). In case the map f is (Gg, k')-continuous at each
point p € X1 x Xy, we say that the map f is ( G+, k")-continuous.

V,
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( Gk, k)-continuity of a map

As a special case of Definitions 4.4 and 4.18, we can consider the
following:

Corollary 4.20

Given a digital image (X, k), X C Z". Consider a Cartesian
product X x X C Z™T" with a Gy+-adjacency. Consider a map

f (X xX,Gg=) — (X, k). For a point p:= (x1,x2) € X x X, the
map f is (G, k)-continuous at the point p if and only if

(N6, (p.1)) € Nel(F(p). 1) (4.10)

A map f: (X x X, Gg=) = (X, k) is (Gk=, k)-continuous at every
point p € X x X, then the map f is (Gg~, k)-continuous.
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Let (X,2n) be a 2n-connected subset of (Z",2n). Then each of
the typical projection maps P; : (X x X, Gap) — (X,2n) is a

(Gan, 2n)-continuous map, i € {1,2}, such that the Gan-adjacency
is equal to the typical 4n-adjacency.

With some hypothesis of the Gy«-adjacency of X x X, the

( G+, k)-continuity of Corollary 4.20 will play a crucial role in
establishing a certain continuity of a multiplication for formulating
a DT-k-group (see Definition 5.5, later). Let us compare the
(Gg, k')-continuity and the typical (k, k")-continuity.
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Remark (Advantages of the Gy«-adjacency of a digital product
and (G-, k)-continuity)

Given two digital images (X, ki) and (Y, ka2), there is always a
Gy+-adjacency derived from the two given digital images. Thus the
Gy~-adjacency of a digital product will be used in establishing a
digital topological version of a typical topological group.
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A development of a DT-k-group with the most suitable
adjacency for a digital product X x X from (X, k)

The set 72", n € N, has a Gy,-adjacency derived from (Z",2n)
such that this Gan-adjacency is equal to the 4n-one in (Z",2n),
i.e., G4n = 4n.
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Let us establish a group structure on the digital image SC,:”/.

Proposition 5.3

Given an SC,:’" := (Xj)ie0,i—1],, for any k-adjacency of Z", we have
a group structure on SC,:"I with the following operation .

x:SCM x s¢rt — st

given by
*(Xiy Xj) = Xi * Xj = Xi4j(mod I)- (5.1)

Then we denote by (SC”, ¥) the above group.
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(1) Given SC:’I := (Xi)ie[0,1—1], With | € Ny, there are only two

elements such as xp and x; in SC,:"I such that (x9)™! = xo and
2
1

(x:)7! = x;, where x~! means the inverse element of x (see the
2 2
two elements xg, x3 of SC82’6).
(2) Given SC,:”I := (Xi)ie[0,i—1], With | € Ny, there is only one
element such as xg in SC/f’I whose inverse is itself (see the element

xo of SC3°).
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(1) Given SC"' := (x7)ic[o.1_1, With | € No, there are only two
elements such as xp and x; in SC,:"I such that (xp) ™! = xp and
2

1

(x:)7! = x;, where x~! means the inverse element of x (see the
2 2

two elements xg, x3 of SC82’6).

(2) Given SC,:”I := (Xi)ie[0,i—1], With | € Ny, there is only one
element such as xg in SC:’I whose inverse is itself (see the element
xo of SC3°).

v

The group (SC:’I, %) in Proposition 5.3 is abelian.

\
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Based on the Gy«-adjacency of X x X and the ( G+, k)-continuity,
we now define the following.

Definition 5.5

A digitally topological k-group, denoted by (X, k, *) and called a
DT-k-group for brevity, is a digital image (X, k := k(t, n))
combined with a group structure on X C Z" using a certain binary
operation x such that for (x,y) € X2 the multiplication

o (X2, Ge) = (X, k) given by a(x, y) = xxy is (G, k)-continuous
(5.3)
and the inverse map

B: (X, k) = (X, k) given by B(x) = x~1 is k-continuous, (5.4)

where the number k* := k(t,2n) of the Gy~-adjacency of (5.3) is
determined by only the number t of the k := k(t, n)-adjacency of
the given digital image (X, k := k(t, n)).
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In view of Definition 5.5, a DT -k-group, (X, k, *) has the two
structures such as the digital image (X, k) and the certain group
structure (X, %) satisfying the properties of (5.3) and (5.4).
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In view of Definition 5.5, a DT -k-group, (X, k, *) has the two
structures such as the digital image (X, k) and the certain group
structure (X, %) satisfying the properties of (5.3) and (5.4).

Theorem 5.8
(Z",2n,+) is a DT-2n-group.
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Figure.3; The (Ga, 2)-continuity of the multiplication from
(72, G4) — (Z,?2) related to being the DT-2-group of
(Z,2,+), where P = (0,0) and Q@ = (0,1) (see Remark
5.9).

TOPOSYM-2022, Sang-Eon Han, Jeonbuk National Univ., Korea



e In a DT-k-group (X, k,*), in case the group (X, *) is abelian,
we say that the DT-k-group (X, k, *) is abelian.

e Based on Definition 4.4 and (3.13) and (4.9), Remark 4.25, and
Corollary 4.20, let us establish a DT-k-group structure of

(SC,:"I, ) derived from a Gy«-adjacency of the digital product

(SC' x SC, Gi-).

Proposition 5.10

(SC,f”7 %) is a DT-k-abelian group for any k-adjacency of Z".
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A finite digital plane (X, k), X C Z", need not be a DT-k-group.
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A finite digital plane (X, k), X C Z", need not be a DT-k-group.

1

SC * %) is an abelian DT-4-group.

3
4

C2365, %) is an abelian DT-26-group.
MSCyg, ) is an abelian DT-18-group.

(1) (
(2) (SC826,*) is an abelian DT-8-group.
(3) (5
(4) (
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Ongoing works

As onging works, we can classify DT-k-groups in terms of a
certain isomorphism from the viewpoint of DT-k-group theory.
(1) Finding a certain condition supporting the product property of
DT-k-group

(2) Establishment of a DT-k-ring and a DT-k-field

(3) Development of a pseudo-DT-k-ring and a pseudo-DT-k-field
(4) Investigation of many examples for DT-k-groups, DT-k-rings,
or DT-k-fields
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Thanks for your attention!
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