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Erdos spaces

Let /5 be the set of square-summable sequences of reals.
¢ = {(Xn)new € l2: Vn € w, x, € Q}
¢ = {(xn)new €ELl2:Vn e w, x, € {0} U{1/n: n € N}}

¢ is Erdés space and €. is complete Erdos space.
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Erdos spaces

Let /5 be the set of square-summable sequences of reals.

¢ = {(Xn)new € l2: Vn € w, x, € Q}

€ = {(Xn)new € 21 Vn € w, x5 € {0} U{1/n: n € N}}
¢ is Erdés space and €. is complete Erdos space.

Theorem (Paul Erdds, 1940)
If E € {& &} then dim(E) = dim(E?) = 1.

nnnnnnnnnnnnnnnn
METROPOLITANA
Unidad Iztapalapa



Topology in /5

Lemma (folklore)

Let (x(n))new be a sequence in £y and x € ¢>. Then the following
two conditions are equivalent:

(a) x =limy_ 00 x(n), and

(b) (i) foreach i € w, x; = limp_,00 x(n)j, y

(i) [1x]l = Timpsoo[Ix ().
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Topology in /5

Lemma (folklore)
Let (x(n))new be a sequence in £y and x € ¢>. Then the following
two conditions are equivalent:
(a) x =limy_ 00 x(n), and
(b) (i) foreach i € w, x; = limp_,00 x(n)j, y
(i) [1x]l = Timpsoo[Ix ().

The topology of /5 is the product topology plus declaring the norm
to be continuous.
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Topology in /5

Lemma (folklore)

Let (x(n))new be a sequence in £y and x € ¢>. Then the following
two conditions are equivalent:

(a) x =limy_ 00 x(n), and

(b) (i) foreach i € w, x; = limp_,00 x(n)j, y

(i) [1x]l = Timpsoo[Ix ().

The topology of /5 is the product topology plus declaring the norm
to be continuous.

Observation
Closed (5-balls are closed in the product topology of RY.
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Almost zero dimensional

¢ = {(Xn)new € l2: Vn € w, x, € Q}
¢ = {(xn)new € l2:Vn € w, x, € {0} U{1/n: n € N}}

Notice that the product topology on &€ and €&, is zero dimensional.
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Almost zero dimensional

¢ = {(Xn)new € l2: Vn € w, x, € Q}
¢ = {(xn)new € l2:Vn € w, x, € {0} U{1/n: n € N}}

Notice that the product topology on &€ and €&, is zero dimensional.

Definition

A separable metric space (X, T) is almost zero dimensional
(AZD) if there is a topology VW on X such that W C T, (X, W) is
zero dimensional and there is a basis of neighborhoods of (X, T)
that are W-closed.
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Almost zero dimensional

¢ = {(Xn)new € l2: Vn € w, x, € Q}
¢ = {(xn)new € l2:Vn € w, x, € {0} U{1/n: n € N}}

Notice that the product topology on &€ and €&, is zero dimensional.

Definition

A separable metric space (X, T) is almost zero dimensional
(AZD) if there is a topology VW on X such that W C T, (X, W) is
zero dimensional and there is a basis of neighborhoods of (X, T)
that are W-closed. We say that VV is a witness topology.
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Alternative definition

Definition
A C-set in a topological space X is a set that is an intersection of
clopen sets.

Lemma
A (separable metrizable) space is AZD if and only if it has a basis
consisting of C-sets.
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Properties of almost zero dimensional spaces

e Every zero-dimensional space is AZD.
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Properties of almost zero dimensional spaces

e Every zero-dimensional space is AZD.

e Every AZD space is totally disconnected.
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Properties of almost zero dimensional spaces

e Every zero-dimensional space is AZD.
e Every AZD space is totally disconnected.

e Every AZD compact space is zero-dimensional.
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Properties of almost zero dimensional spaces

Every zero-dimensional space is AZD.

Every AZD space is totally disconnected.

Every AZD compact space is zero-dimensional.

Every subspace of an AZD space is AZD.

The (countable) product of AZD spaces is AZD.
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Cohesion

Definition
A space X is cohesive if for every point p € X there is an open set
U with p € U and U does not contain clopen non-empty subsets.
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Cohesion

Definition
A space X is cohesive if for every point p € X there is an open set
U with p € U and U does not contain clopen non-empty subsets.

Theorem (Erdés, 1940)
¢ and &, are cohesive.
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Motivation: characterizations of zero-dimensional,
separable metric spaces

(Brouwer, 1910) 2“: compact; nowhere countable.

(Sierpinski, 1920) Q: countable; no isolated points.

(Alexandroff and Urysohn, 1928) w“: Gjs; nowhere locally
compact.

(Alexandroff and Urysohn, 1928) Q x 2“: K,; nowhere locally
compact; nowhere countable.

(van Mill, 1981) Q x w“: Gy,; nowhere Gs; nowhere K.
(Van Engelen, 1986) wi-many Borel spaces.
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“Intrinsic” characterization of &,

Theorem (Dijkstra and van Mill, 2009)

A separable metric space E is homeomorphic to €. if and only if E
is cohesive and there is a witness topology VW and a basis of
neighborhoods of E that are compact in W.
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“Intrinsic” characterization of &,

Theorem (Dijkstra and van Mill, 2009)

A separable metric space E is homeomorphic to €. if and only if E
is cohesive and there is a witness topology VW and a basis of
neighborhoods of E that are compact in W.

Theorem (Dijkstra, van Mill and Steprans, 2004)
¢ % Y.
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“Intrinsic” characterization of &,

Theorem (Dijkstra and van Mill, 2009)

A separable metric space E is homeomorphic to €. if and only if E
is cohesive and there is a witness topology VW and a basis of
neighborhoods of E that are compact in W.

Theorem (Dijkstra, van Mill and Steprans, 2004)
¢ % Y.

&Y is called stable Erdds space.
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Hyperspaces
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Ph.D. project: study Vietoris hyperspaces of Erdos spaces

Figure: My PhD student, Alfredo Zaragoza (2019 picture).
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Vietoris topology

For a space X the hyperspace of closed sets is
CL(X) ={A C X: Ais closed and non-empty},
where a basic open set is
(U,...,Un) ={Y € CL(X): Y C B1U...UU, AYi < m(YNU; #0)},

and Uy, ..., U, are open.

/ / \ \\
| [} | |
Y | | | | ; | | |
\ \ /
N\ X X X X /
\\ // \\\;7// \\\>’// \\\>’// \\\>’//
Us U Us U, Us
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Vietoris hyperspaces

We will consider the following subspaces of CL(X)

K(X) = {AeCL(X): Ais compact},
F(X) = {AeCL(X): Ais finite}, and
Fn(X) = {Ae€ CL(X): |A| = n} for each n € N.

Fn(X) is the nth symmetric product of X or nth symmetric
power of X.

Theorem (E. Michael, 1950)

(a) If X is separable and metrizable, then IC(X) is separable and
metrizable.

(b) If X is Polish, then IC(X) is Polish.
(c) If X is zero-dimensional, then KC(X) is zero-dimensional. O\
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Motivation: hyperspaces of zero-dimensional spaces

Theorem (folklore)
K(2%) ~ 2+,

Theorem (folklore)

K(w®) ~ w®.

Theorem (Shirota, 1968)
J(21) e 291,

Theorem (Shapiro, 1979)
If k> wo, K(2) 5 2.
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Problem for Alfredo

Let E be & or €.. Are K(E), F(E), Fno(E) (n € N)
homeomorphic to E?
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First results in hyperspaces

Theorem ([Zaragoza, 2020])

For a separable metrizable space X the following are equivalent.
(a) X is AZD,

(b) K(X) is AZD,

(c) for all n € N, F,,(X) is AZD, and

(d) there exists n € N such that Fn(X) is AZD.

Theorem ([Zaragoza, 2020])

If X is separable, metrizable, cohesive and AZD then the
hyperspaces IC(X), F(X) and all symmetric powers of X are
cohesive.

Theorem ([Zaragoza, 2020])
For every n € N, F,(€) =~ & and Fp(€.) =~ €&.. @9\@

nnnnnnnnnnnnnnnn
METROPOLITANA
Unidad Iztapalapa



Responses

Theorem ([Lipham, 2021])
F(€) x € = €& that is, F(€&) is an Erdds space factor.
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Responses

Theorem ([Lipham, 2021])
F(€) x € = €& that is, F(€&) is an Erdds space factor.

Theorem ([Zaragoza, 2022])
F(€) =~ ¢.
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The hyperspace of compact sets

Let VW be a witness topology for &.. Then

K(€.) € K(E,W).
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The hyperspace of compact sets

Let VW be a witness topology for &.. Then
K(€) C K(E,W).

Question ([Zaragoza, 2020])
Is k(&) homeomorphic to €. or €Y7
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The hyperspace of compact sets

Let VW be a witness topology for &.. Then

K(€.) € K(E,W).

Question ([Zaragoza, 2020])
Is k(&) homeomorphic to €. or €Y7

€ contains a closed copy of Q
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The hyperspace of compact sets

Let VW be a witness topology for &.. Then
K(€) C K(E,W).

Question ([Zaragoza, 2020])
Is k(&) homeomorphic to €. or €Y7

¢ contains a closed copy of Q so K(€) contains a closed copy of

K(Q).
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The hyperspace of compact sets

Let VW be a witness topology for &.. Then
K(€) C K(E,W).

Question ([Zaragoza, 2020])
Is k(&) homeomorphic to €. or €Y7

¢ contains a closed copy of Q so K(€) contains a closed copy of
K(Q). Thus, (&) is not Borel.
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The hyperspace of compact sets

Let VW be a witness topology for &.. Then

K(€.) € K(E,W).

Question ([Zaragoza, 2020])
Is k(&) homeomorphic to €. or €Y7

¢ contains a closed copy of Q so K(€) contains a closed copy of
K(Q). Thus, (&) is not Borel.

But it is known that K(Q) is a topological group.
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The hyperspace of compact sets

Let VW be a witness topology for &.. Then

K(€.) € K(E,W).

Question ([Zaragoza, 2020])
Is k(&) homeomorphic to €. or €Y7

¢ contains a closed copy of Q so K(€) contains a closed copy of
K(Q). Thus, (&) is not Borel.

But it is known that K(Q) is a topological group.

Question ([Zaragoza, 2022])
Is k(&) homogeneous?
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What about F(€&.)?

Notice that
F(€) = J{Fn(€c): neN}

so F(€.) is the increasing union of nowhere dense copies of &.
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What about F(€&.)?

Notice that
F(€) = J{Fn(€c): neN}

so F(€.) is the increasing union of nowhere dense copies of &.

Alfredo observed: Q is an increasing union of compact countable
spaces

Q= J{Kn: neN}
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What about F(€&.)?

Notice that
F(€) = J{Fn(€c): neN}

so F(€.) is the increasing union of nowhere dense copies of &.

Alfredo observed: Q is an increasing union of compact countable
spaces

Q= J{Kn: neN}
SO
Q x € = J{Knx €c: neN},

and K, x &, ~ &, for each n € N.
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What about F(€&.)?

Notice that
F(€) = J{Fn(€c): neN}

so F(€.) is the increasing union of nowhere dense copies of &.

Alfredo observed: Q is an increasing union of compact countable
spaces

Q= J{Kn: neN}

SO
Q x € = J{Knx €c: neN},

and K, x &, ~ &, for each n € N.
Conjecture
F(€) ~Q x €&
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Characterization of Q x &,
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Cohesion, ver. 2

Definition

A space X is cohesive with respect a collection of subsets

{Xs: s € I} if every point p € X has a neighborhood U such that
for all s € I, UN Xs contains no non-empty clopen subsets of Xs.
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Class c&

Definition ([HG and Zaragoza, 2022])

o& is the class of all separable metrizable spaces E such that there
exists a topology W on E that is witness to the almost
zero-dimensionality of E, a collection {E,: n € w} of subsets of E
and a basis [ of neighborhoods of E such that

(a) E=U{En: n € w},

(b) for each n € w, E, is a crowded nowhere dense subset of Ep1,
(c) for each n € w, E, is closed in W,

(d) E is{E,: n € w}-cohesive, and

(e) for each V € 3, VN E, is compact in W | E, for each n € w.
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Class o0& contains one space up to homeomorphism

Lemma ([HG and Zaragoza, 2022])
Q x &, € o€.

Lemma ([HG and Zaragoza, 2022])
F(€&.) € o€.
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Class o0& contains one space up to homeomorphism

Lemma ([HG and Zaragoza, 2022])
Q x €&, € ct.

Lemma ([HG and Zaragoza, 2022])
F(€&.) € o€.

Theorem ([HG and Zaragoza, 2022])

For a separable metrizable space E the following are equivalent:
(a) E € &, and

(b) E~Q x €.
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Hyperspaces and Q x €&,

Corollary ([HG and Zaragoza, 2022])
F(€)~Q x €.
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Hyperspaces and Q x &,

Corollary ([HG and Zaragoza, 2022])
F(€)~Q x €.

Then: K(€&.) contains a dense subset homeomorphic to Q x €&..
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Hyperspaces and Q x &,

Corollary ([HG and Zaragoza, 2022])
F(€)~Q x €.
Then: K(€&.) contains a dense subset homeomorphic to Q x €&..

Qx€E. CE.x€E~ &
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Hyperspaces and Q x &,

Corollary ([HG and Zaragoza, 2022])

F(€)~Q x €.

Then: K(€&.) contains a dense subset homeomorphic to Q x €&..
Qx€E. CE.x€E~ &

Question ([HG and Zaragoza, 2022])

Does &Y contain a dense subset homeomorphic to Q x &.?
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Summary: hyperspaces

X=¢¢ X = €&,
Fn(X) homeomorphic to & homeomorphic to &,
F(X) homeomorphic to € homeomorphic to Q x &
KC(X) | AZD, cohesive, non-Borel AZD, cohesive, Polish

homogeneous?

homeomorphic to &, or €7
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o-product

Fix e € &..

o€ ={xec & {n€cw: x, # e} is finite}.
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o-product

Fix e € &..

o€ ={xec & {n€cw: x, # e} is finite}.

Theorem ([Lipham, preprint])
o@¥ € g€, thus, 0¥ ~ Q x &..
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o-product

Fix e € &..

o€ ={xec & {n€cw: x, # e} is finite}.

Theorem ([Lipham, preprint])
o@¥ € g€, thus, 0¥ ~ Q x &..

Question ([Lipham, preprint])

Is the “pseudo-boundary” {x € €¥: In € w(x, =€)}
homeomorphic to Q x &7
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Counterexample

Theorem ([Lipham, preprint])

There exists a separable metrizable space E = | J{E,: n € w} such
that for each n € w,

o E, isclosed in E,

o £, ~ &, and

e E, is nowhere dense in E, 1,
but E % Q x €&..
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Counterexample

Theorem ([Lipham, preprint])

There exists a separable metrizable space E = | J{E,: n € w} such
that for each n € w,

o E, isclosed in E,

o £, ~ &, and

e E, is nowhere dense in E, 1,
but E % Q x €&..

Question ([HG and Zaragoza, 2022])

Let X C &, be a countable union of nowhere dense C-sets. If X is
cohesive and dense, is X ~ Q x &.7
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Factors

A space X is a factor of a space Y is there is Z such that
XxZ=Y.

Examples:

e X is a factor of 2 iff X is compact, metrizable and
zero-dimensional.
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Factors

A space X is a factor of a space Y is there is Z such that
XxZ=Y.

Examples:
e X is a factor of 2 iff X is compact, metrizable and
zero-dimensional.

e [Dijkstra and van Mill, 2009] X is a factor of & if and only if
X can be embedded as a closed set of &,
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Factors

A space X is a factor of a space Y is there is Z such that
XxZ=Y.

Examples:
e X is a factor of 2 iff X is compact, metrizable and
zero-dimensional.
e [Dijkstra and van Mill, 2009] X is a factor of & if and only if
X can be embedded as a closed set of &,

e [Dijkstra, 2011] X is a factor of €% if and only if X is an AZD
Polish space,
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Factors

A space X is a factor of a space Y is there is Z such that
XxZ=Y.

Examples:
e X is a factor of 2 iff X is compact, metrizable and
zero-dimensional.
e [Dijkstra and van Mill, 2009] X is a factor of & if and only if
X can be embedded as a closed set of &,

e [Dijkstra, 2011] X is a factor of €% if and only if X is an AZD
Polish space,

e [Dijkstra and van Mill, 2010] X is a factor of € if and only if
X can be embedded as a closed set of €.
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Factors of Q x €&,

Factor of = Factor of = Factor of

€ = Qx& £ ¢
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Factors of Q x €&,

Factor of = Factor of = Factor of

¢ = Qx& £ ¢

Theorem ([HG and Zaragoza, 2022])

A space E is a (Q x €.)-factor if and only if there are a topology
W on E witnessing that E is almost zero-dimensional, a collection
of W-closed non-empty subsets {E, : n € w} and a basis of
neighborhoods 3 such that

(i) E=U{Es: n € w},
(ii) for every n € w, E, C Epy1, and
(iii) for every U € 8 and n € w, UN E, is compact in W.
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Factors of Q x €&,

Factor of = Factor of = Factor of

¢ = Qx& £ ¢

Theorem ([HG and Zaragoza, 2022])

A space E is a (Q x €.)-factor if and only if there are a topology
W on E witnessing that E is almost zero-dimensional, a collection
of W-closed non-empty subsets {E, : n € w} and a basis of
neighborhoods 3 such that

(i) E=U{Es: n € w},
(ii) for every n € w, E, C Epy1, and
(iii) for every U € 8 and n € w, UN E, is compact in W.

Question ([HG and Zaragoza, 2022])

Is there a nicer characterization of (Q x &)-factors? M@
nidac palapa



Questions
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Question: Knaster-Reichbach theorem analogue?

Theorem (Knaster and Reichbach, 1953)

If A, B C 2% are both closed and nowhere dense, then any

homeomorphism h: A — B can be extended to a homeomorphism
H:2¢¥ =52 HT A= h.
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Question: Knaster-Reichbach theorem analogue?

Theorem (Knaster and Reichbach, 1953)

If A, B C 2% are both closed and nowhere dense, then any
homeomorphism h: A — B can be extended to a homeomorphism
H:2¢¥ =52 HT A= h.

Theorem (S¢epin and Valov, 2021)

If 7> w and A, B C 2" are both closed and negligible, then any
homeomorphism h: A — B can be extended to a homeomorphism
H:2" 2", H] A= h.
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Question: Knaster-Reichbach theorem analogue?

Theorem (Knaster and Reichbach, 1953)

If A, B C 2% are both closed and nowhere dense, then any
homeomorphism h: A — B can be extended to a homeomorphism
H:2¢¥ =52 HT A= h.

Theorem (S¢epin and Valov, 2021)

If 7> w and A, B C 2" are both closed and negligible, then any
homeomorphism h: A — B can be extended to a homeomorphism
H:2" 2", H] A= h.

Question

Let A, B C €&, be closed, C-sets and nowhere dense. If h: A— B
is a homeomorphism, does there exist an extension H: €. — &,
H[A=h?
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Smooth fans

A smooth fan is any sub-
continuum of the Cantor
fan that is not a point or
an arc.

The Lelek fan is the*
smooth fan whose set of
endpoints is dense in the
Lelek fan.

*(Charatonik, 1989)
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Smooth fans

A smooth fan is any sub-
continuum of the Cantor
fan that is not a point or
an arc.

The Lelek fan is the*
smooth fan whose set of
endpoints is dense in the
Lelek fan.

*(Charatonik, 1989)

Theorem (Kawamura, Oversteegen and Tymchatyn, 1996)
The set of endpoints of the Lelek fan is homeomorphic to €.
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Smooth fans and AZD spaces

Let X be a smooth fan (em-
bedded in the Cantor fan) and
E(X) its set of endpoints.
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Smooth fans and AZD spaces

P Let X be a smooth fan (em-

3 bedded in the Cantor fan) and

A\ E(X) its set of endpoints. Let
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Smooth fans and AZD spaces

P Let X be a smooth fan (em-

| bedded in the Cantor fan) and

A\ E(X) its set of endpoints. Let
p be the vertex of the Cantor
fan, F the base at height 0.

For every e € F, let (e) € F
be such that p, e and 7(e) are
colinear.
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Smooth fans and AZD spaces

P Let X be a smooth fan (em-

A bedded in the Cantor fan) and

A\ E(X) its set of endpoints. Let
p be the vertex of the Cantor
fan, F the base at height 0.

For every e € F, let (e) € F
be such that p, e and 7(e) are
colinear. Then

{m(U): U clopen in F}

E is a witness topology for E(X).
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Smooth fans vs ¢,

Theorem (folklore?; explict in [HG and Hoehn, preprint])

The set of endpoints of any smooth fan can be embedded as a
closed subset of €.

Question ([HG and Hoehn, preprint])

Let E be a closed subset of E.. Is there a smooth fan X such that
E(X)~E?
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Open questions

i. Is K(€&.) homeomorphic to €. or ¢¥7
ii. Is (&) homogeneous?
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Open questions

Vvi.

vii.

. Is K(€&.) homeomorphic to &, or EL7?
. Is K(€) homogeneous?
. Does &% contain a dense subset homeomorphic to Q x &.?

. Is the pseudo-boundary of ¥ homeomorphic to Q x €7

Characterize all (dense) X C €. such that X ~ Q x €.

Find a “nice” characterization of factors of Q x &, that does
not mention witness topologies, if possible.

Is there a Knaster-Reichbach-like theorem for &.7
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Open questions

Vvi.

vii.

viii.

. Is K(€&.) homeomorphic to &, or EL7?
ii. Is (&) homogeneous?
. Does &% contain a dense subset homeomorphic to Q x &.?

. Is the pseudo-boundary of ¥ homeomorphic to Q x €7

Characterize all (dense) X C €. such that X ~ Q x €.

Find a “nice” characterization of factors of Q x &, that does
not mention witness topologies, if possible.

Is there a Knaster-Reichbach-like theorem for &.7

Can any closed subset of . be the endpoint set of a smooth
fan?
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Open questions

. Is K(€&.) homeomorphic to &, or EL7?
ii. Is (&) homogeneous?
. Does &% contain a dense subset homeomorphic to Q x &.?

. Is the pseudo-boundary of ¥ homeomorphic to Q x €7

Characterize all (dense) X C €. such that X ~ Q x €.

vi. Find a “nice” characterization of factors of Q x &, that does
not mention witness topologies, if possible.
vii. Is there a Knaster-Reichbach-like theorem for &_.7
viii. Can any closed subset of &, be the endpoint set of a smooth
fan?
Problem

Study AZD spaces beyond the metric setting, for example, €1,
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