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Category theory

category: objects and morphisms

Top: topological spaces and continuous maps

subcategories of Top are assumed to be

full: X,Y ∈ A, f : X → Y ⇒ f ∈ A
isomorphism-closed: X ∈ A, X ∼= Y ⇒ Y ∈ A
contain a non-empty space
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Reflective and coreflective subcategories

B ⊆ A

B is reflective in A:

for every A ∈ A there exists an
rA ∈ B and an rA : A→ rA such
that for every B ∈ B and
f : A→ B there exists a unique
f̄ : rA→ B such that the following
diagram commutes:

A rA

B

f

rA

f

Čech-Stone compactification

epireflective: every reflection
is an epimorphism (onto)

quotient reflective: every
reflection is a quotient map

every epireflective subcategory
of Top is assumed to contain
a two-point space
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Reflective and coreflective subcategories

B ⊆ A

B is reflective in A:

for every A ∈ A there exists an
rA ∈ B and an rA : A→ rA such
that for every B ∈ B and
f : A→ B there exists a unique
f̄ : rA→ B such that the following
diagram commutes:

A rA

B

f

rA

f

B is coreflective in A:

for every A ∈ A there exists a
cA ∈ B and a cA : cA→ A such
that for every B ∈ B and
f : B → A there exists a unique
f̄ : B → cA such that the following
diagram commutes:

AcA

B

cA

f
f
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Characterization and examples

epireflective subcategories of Top: closed under the formation of
products and subspaces

Top0, Top1, Haus, ZD, Tych

quotient reflective subcategories of Top: closed under the
formation of products, subspaces and spaces with finer topologies

Top0, Top1, Haus

coreflective subcategories of A (A is epireflective in Top): closed
under the formation of topological sums and extremal quotient
objects

X
q−→ Y

rY−−→ rY . . . rY is an extremal quotient object of X
they coincide with quotient spaces if A is quotient reflective
Dis, FG (finitely generated spaces), sequential spaces
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The goal

Describe minimal non-trivial closed hereditary coreflective
subcategories of A (CHC subcategories).

closed hereditary: closed under the formation of closed subspaces

non-trivial: cointains a non-discrete space

why non-trivial:
B is CHC in A ⇒ B contains a one point space ⇒ B contains all
discrete spaces
Dis is the smallest CHC subcategory
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The plan

A = Top

A = Top0

A = Top1

A ⊆ Haus, A is quotient reflective in Top

ZD ⊆ A ⊆ Tych, in this case A is not quotient reflective in Top
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The spaces B(α)

• α: regular cardinal

• B(α): the space on the set α ∪ {α}
open subsets: {γ ∈ α ∪ {α} : γ ≥ β} for every β < α

CH(B(α)) = Bα is closed hereditary

Bα ∩Bβ = FG for α 6= β

Veronika Pitrová 8 / 12
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A is Top, Top0 or Top1

A = Top [Herrlich, 1969]

Dis

Indsum

FG

Bα Bβ Bγ . . .

A = Top0

Dis

FG ∩Top0

Bα ∩Top0 Bβ ∩Top0
. . .

A = Top1

there are no minimal non-trivial CHC subcategories
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A ⊆ Haus is quotient reflective in Top

The spaces C(α)

α: regular cardinal

C(α): the space on the set α ∪ {α}
U ⊆ C(α) is open ⇔ α /∈ U or | (α ∪ {α}) \ U | < α

CHA(C(α)) are minimal non-trivial CHC subcategories of A
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ZD ⊆ A ⊆ Tych

sequential cardinal: κ is sequential if there exists a sequentially
continuous non-continuous map f : Dκ

2 → R
assume that sequential cardinals do not exist

the CHC subcategory generated by C(α) is Top(α) - such spaces
that the intersection of less than α open subsets is open

the only CHC subcategories of A are Dis and Top(α)

Top(α) ⊆ Top(β) for β ≤ α, therefore there are no minimal
non-trivial CHC subcategories
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Thank you for your attention!
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