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S1(A, B):

Selecting one member from each family
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Measure theory: Strong Measure Zero

O: Open covers of X C R
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Measure theory: Strong Measure Zero

O: Open covers of X C R

Borel 1919: X is strong measure zero:

YV e1,€,...>0, Jintervals || < €1, |b| <e, ...
{h,b,...} €0
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Measure theory: Strong Measure Zero

O: Open covers of X C R

Borel 1919: X is strong measure zero:

YV e1,€2,... >0, Jintervals || < €1, |h| < e, ..
{h,b,...} €0

Rothberger 1941 (answers Sierpiniski):

@ SMZ is not preserved by continuous images
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Measure theory: Strong Measure Zero

O: Open covers of X C R

Borel 1919: X is strong measure zero:

YV e1,€2,... >0, Jintervals || < e, |b| <e, ...,
{h,b,...} €0

Rothberger 1941 (answers Sierpiniski):

@ SMZ is not preserved by continuous images

051(0,0):
VU17U27...€O,3 U; Eul,UQ EUQ,...,
{Ul,UQ,...}EO
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Function spaces and local-to-global duality

w-cover: V finite F C X, 3 in the cover U D F
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Function spaces and local-to-global duality

w-cover: V finite F C X, 3 in the cover U D F
Q: open w-covers of X

[: open (Infinite) point-cofinite covers of X
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Function spaces and local-to-global duality

w-cover: V finite F C X, 3 in the cover U D F
Q: open w-covers of X

[: open (Infinite) point-cofinite covers of X
rcQ

~v-set (): Every U € Q has a subcover V € T.
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Function spaces and local-to-global duality

w-cover: V finite F C X, 3 in the cover U D F
Q: open w-covers of X

[: open (Infinite) point-cofinite covers of X
rcQ

~v-set (): Every U € Q has a subcover V € T.
Gerlits—Nagy 1982:

o () =51(2T) = $1(0,0) (= SMZ)
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Function spaces and local-to-global duality

w-cover: V finite F C X, 3 in the cover U D F
Q: open w-covers of X
[: open (Infinite) point-cofinite covers of X
rcQ
~v-set (): Every U € Q has a subcover V € T.
Gerlits—Nagy 1982:

o (¥) =S:1(Q,1) = $1(0,0) (= SMZ)

o C(X) is Fréchet-Urysohn <= X has (%)
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Function spaces and local-to-global duality

w-cover: V finite F C X, 3 in the cover U D F
Q: open w-covers of X

[: open (Infinite) point-cofinite covers of X
rcQ

~v-set (): Every U € Q has a subcover V € T.
Gerlits—Nagy 1982:

o () =51(2T) = $1(0,0) (= SMZ)

o C(X) is Fréchet-Urysohn <= X has (%)

Additional dualities:
C(X) strong fan tightness (Sakai '88) <= X S1(£,Q)
C(X) wQN (Bukovsky—Rectaw—Repicky '91) <= X S;(I',I") (*)



Case study: The Gartside-Lo—Marsh Problem

For X with coarser second countable topology:

RX is SSS — B(X) is SSS

C(X) is SSS

|

C(X) is Fréchet-Urysohn
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Case study: The Gartside-Lo—Marsh Problem

For X with coarser second countable topology:

RX is 5SS —= B(X) is SSS

C(X) is SSS

|

C(X) is Fréchet-Urysohn

Osipov—Szewczak—Ts. '20: Dualizing:

[X| < p——> X satisfies (%) —— X satisfies (%)

|

X satisfies ((rz)
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Case study: The Gartside-Lo—Marsh Problem

For X with coarser second countable topology:

RX is 5SS —= B(X) is SSS

C(X) is SSS

|

C(X) is Fréchet-Urysohn

Osipov—Szewczak—Ts. '20: Dualizing:

[X| < p——> X satisfies (%) —— X satisfies (%)

|

X satisfies ((rz)
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Sﬁn(Aa B):

Selecting finitely many from each family
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Dimension theory: Menger's basis property

Hurewicz 1925: A basis property of Menger is equivalent to
Sﬁn(O, O)Z YU, Uy, ... € 0, dfinite F1 CU, Fo CUs, ...,
U,Fn€O
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Dimension theory: Menger's basis property

Hurewicz 1925: A basis property of Menger is equivalent to
Sin(0,0): YU, Uy, ... € O, 3 finite F1 C Uy, Fo CUa,. ..,
U,Fn€O

Uan(O,1): Y Uy, U, ... € O, 3 finite F1 C U1, Fo C Uy, ...,
{UFn:neN} el
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Dimension theory: Menger's basis property

Hurewicz 1925: A basis property of Menger is equivalent to
Sin(0,0): YU, Uy, ... € O, 3 finite F1 C Uy, Fo CUa,. ..,
U,Fn€O

Uan(O,1): Y Uy, U, ... € O, 3 finite F1 C U1, Fo C Uy, ...,
{UFn:neN} el

MC (Hurewicz: true for analytic)

‘__:__;, HEe TR

C HP
o-compact — Uﬁn(O F) — Sﬁn(O 0)
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The Scheepers Diagram
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The Scheepers Diagram

Ugn (O,T) ——= Ugu (0,Q2) ——— S£, (0, 0)

HureW|cz Scheepers Menger
/ Sen(T, Q /
Si(F,T) —)Sl(r Q) T Si(F,0)
Many. .
Sﬁn(Q Q)
Arhangel’skit
Sl(Q,r) — Sl(Q,Q) 51(070)
y-set Sakai Rothberger
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The Scheepers Diagram

Ugn (O,T) ——= Ugu (0,Q2) ——— S£, (0, 0)

HureW|cz Scheepers Menger
/ Sen(T, Q /
Si(F,T) —)Sl(r Q) T Si(F,0)
Many. .
Sﬁn(Q Q)
Arhangel’skit
Sl(Q,r) — Sl(Q,Q) 51(070)
y-set Sakai Rothberger

Transferring knowledge, stratification
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Combinatorial cardinals

Uﬁn(oa r) — Uﬁn(07 Q) —_— sﬁn(ov O)
b 0 0
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Combinatorial cardinals

Uﬁ!l(07 r) — Uﬁn(ov Q) E——— sﬁn(ov O)
b 0 0

S1(0,0)
b cov(M) cov(M)

Consistency of inequalities, refined methods, ZFC results (later)
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Combinatorial cardinals

Uﬁ!l(07 r) — Uﬁn(ov Q) E——— sﬁn(ov O)
b 0 0

S1(0,0)
b cov(M) cov(M)

Consistency of inequalities, refined methods, ZFC results (later)

Paradigm shift: From quantitative to qualitative
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Games and Ramsey theory
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The game G;(A, B)

Alice: U,

Bob:
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The game G;(A, B)

Bob: ’ R
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The game G;(A, B)

Bob: ’ .
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The game G;(A, B)

I“-\I : / g “;“;“‘, ‘.\I‘
Bob: ’ N Ay
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The game G;(A, B)

Bob:

Boaz Tsaban (BIU)
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Games and the D-space Problem

Phenomenon (Hurewicz, Pawlikowski, Scheepers, Kotinac,. .. ):

S1(A,B) <= Alice has no winning strategy in G1(A,B)
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Games and the D-space Problem

Phenomenon (Hurewicz, Pawlikowski, Scheepers, Kotinac,. .. ):
S1(A,B) <= Alice has no winning strategy in G1(A,B)
and similarly for Sg, (A, B) and Ugn (A, B)
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Games and the D-space Problem

Phenomenon (Hurewicz, Pawlikowski, Scheepers, Kotinac,. .. ):
S1(A,B) <= Alice has no winning strategy in G1(A,B)
and similarly for Sg, (A, B) and Ugn (A, B)

Aurichi '10: Every Sg, (O, O) space is a “D-space”
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Ramsey's Theorem




Ramsey's Theorem
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Ramsey's property for open covers A — (B)3
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Ramsey’'s Theorem for open covers A — (B)35

__/I\\

cB
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2

Ramsey’'s Theorem for open covers A — (B)35

__/I\\

cB

Phenomenon: Si(A,B) <= A — (B)3
and similarly for Sg,(A, B) and Ug, (A, B)
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2

Ramsey’'s Theorem for open covers A — (B)35

cB

Phenomenon: Si(A,B) <= A — (B)3
and similarly for Sg,(A, B) and Ug, (A, B)

Most proofs use games
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Additive Ramsey theory

Hindman 1974: V finite coloring of N, 3 kq, ko, ...,

FiniteSums(ki, ko, ...) monochromatic

Boaz Tsaban (BIU) SPs and OMI



Additive Ramsey theory

Hindman 1974: V finite coloring of N, 3 kq, ko, ...,

FiniteSums(ki, ko, ...) monochromatic

Ts. '18: Let X € Sgn(0, O), {Ui, U, ...} point-infinite cover.
V finite coloring of 7(X), 3 disjoint finite unions Vi, V5, ...

e {Vi, Vo, ...} point-infinite cover

e FiniteUnions( V1, Va,...) monochromatic
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Additive Ramsey theory

Hindman 1974: V finite coloring of N, 3 kq, ko, ...,

FiniteSums(ki, ko, ...) monochromatic

Ts. '18: Let X € S, (0, 0), {Us, Us, ...} point-infinite cover.
V finite coloring of 7(X), 3 disjoint finite unions Vi, V5, ...
e {Vi, Vo, ...} point-infinite cover

e FiniteUnions(V4, Vo, ...) monochromatic

High-dimension version (Milliken—Taylor) also true
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Additive Ramsey theory

Hindman 1974: V finite coloring of N, 3 kq, ko, ...,

FiniteSums(ki, ko, ...) monochromatic
Ts. '18: Let X € S, (0, 0), {Us, Us, ...} point-infinite cover.
V finite coloring of 7(X), 3 disjoint finite unions Vi, V5, ...

e {Vi, Vo, ...} point-infinite cover

e FiniteUnions(V4, Vo, ...) monochromatic

High-dimension version (Milliken—Taylor) also true

Proof uses games
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Omission of Intervals
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Subsets of the real line

Cantor space {0,1}N = Cantor set C R
{0, 1} = P(N) via characteristic functions
P(N) = [N]** U Fin

Boaz Tsaban (BIU) SPs and OMI



Subsets of the real line

Cantor space {0,1}N = Cantor set C R
{0, 1} = P(N) via characteristic functions
P(N) = [N]** U Fin
Each s € [N]* is

@ An infinite set — sparisty

@ An increasing sequence (function) — growth rate
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Subsets of the real line

Cantor space {0,1}N = Cantor set C R
{0, 1} = P(N) via characteristic functions
P(N) = [N]** U Fin
Each s € [N]* is
@ An infinite set — sparisty
@ An increasing sequence (function) — growth rate

Build sets of form S U Fin, with S C [N]*>

The combinatorial structure of S guarantees the selection property
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Example: the Hurewicz Problem

Iterated functions: For y € [N]* with 1 < y(1),

y(n) =y"(1) = y(y(---y(1)...))

n times

Boaz Tsaban (BIU) SPs and OMI



Example: the Hurewicz Problem

Iterated functions: For y € [N]* with 1 < y(1),

y(n) =y"(1) = y(y(---y(1)...))

n times

If x omits infinitely many open y-intervals, then y < x:

®
y

<@

X
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Example: the Hurewicz Problem

Iterated functions: For y € [N]* with 1 < y(1),

y(n) =y"(1) = y(y(---y(1)...))

n times

If x omits infinitely many open y-intervals, then y < x:

. = T

®
y

<@

X

xi= U, [7(20), 720 +1)). y < x,x¢

X
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Nontrivial Menger non-Hurewicz sets, in ZFC

Lemma: V |Y| <9, a € [N]*,
1Y SOO X = Uneb[a(n)7 a(n + 1))
(a < x9)
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Nontrivial Menger non-Hurewicz sets, in ZFC

Lemma: V |Y| <9, a € [N]*,
1Y SOO X = Uneb[a(n)7 a(n + 1))
(a < x9)

X

AVARVARVARY,

v/a v/a
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Nontrivial Menger non-Hurewicz sets, in ZFC

Lemma: V |Y| <9, a € [N]*,
1Y SOO X = Uneb[a(n)7 a(n + 1))

(a < x°)
X
\
N
¥
v/a v/a
Get
{X¢ :a<d}UFin — {x5:a<?d}UCoFin C[N]*
—_———
0-unbounded unbounded
S6n(0,0) Not Ugn (O,F)
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OMI everywhere

Ts. '11 ~-set Theorem: For every unbounded tower T of height p,
T UFin is a y-set (%) J
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OMI everywhere

Ts. '11 ~-set Theorem: For every unbounded tower T of height p,
T UFin is a y-set (%) J

Szewczak—Wisniewski '19: Applications to Luzin sets
Szewczak—Wtudecka '21 (unb. tower): S1(I,T) in all finite powers

Szewczak—Ts.—Zdomskyy '21 (regular 0 < t):
@ Menger non-Scheepers;
o X,Y San(2,Q), X x Y, XU Y not Menger

Szewczak—\Weiss '22 (mild): ~-sets, one null-additive, the other not
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The d-set Problem

liminf Ap = Ux Nysk An

{Up:neN} el < X =IiminfU,

L: open covers U with X in clusure of U under liminf
rctL

0-set: (SZ)

() — ()

Gerlits—Nagy 1982: (sz) = (?)7
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The d-set Problem

liminf Ap = Ux Nysk An

{Up:neN} el < X =IiminfU,

L: open covers U with X in clusure of U under liminf
rctL

0-set: (SZ)

() — ()

Gerlits—Nagy 1982: (sz) = (?)7

Orenstein—Ts. '11: (inor) = (Q?Of)
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The d-set Problem

liminf Ap == U, ﬂnzk A,

{Up:neN} el < X =IiminfU,

L: open covers U with X in clusure of U under liminf
rctL

0-set: (SZ)

() — ()

Gerlits—Nagy 1982: (sz) = (?)7

Orenstein—Ts. '11: (inor) = (Q]?Of)
Bardyla-Supina—Zdomskyy '22 (p = ¢): (SZ) # (frz) !
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Application to finer selection principles

g
{

\
)
\\s.7/4

UN
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Application to finer selection principles

Usn(O,T) = Ugn (T, T)
U,,(F,F): YU, Up,... €T, I3 FL CU, Fo CUs,..., ’]:n’ <n,
{UFn:neN}erl
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Application to finer selection principles

Uin(O,T) = Ugn(T,T)
Un(T,T): VU, Us,y ... €T, 3FL CUL, Fo Cla, ..., | Fnl <n,
{UFn:neN} el
Ts. "11:
Q V b-scale B, BUFinis U,(I',T)
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Application to finer selection principles

Uin(O,T) = Ugn(T,T)
Un(T,T): VU, Us,y ... €T, 3FL CUL, Fo Cla, ..., | Fnl <n,
{UFn:neN} el
Ts. "11:
Q V b-scale B, BUFinis U,(I',T)
@ 3 Uy(I,T) set of size b
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Application to finer selection principles

Ugin(O,T) = Ugn(T,T)
Un(F,T): VUL Up, ... €T, 3F1 ClUL, Fo CUa, ..., |Fnl <n,
{UFn:neN}erl
Ts. '11:
@ V b-scale B, BUFin is Uy(I',T)
@ 3 Uy(I,T) set of size b
Miller=Ts. '10 + Ts. '11: “Sy(T,[) — Ux(T,T)" is strict
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Application to finer selection principles

Ugin(O,T) = Ugn(T,T)
Un(F,T): VUL Up, ... €T, 3F1 ClUL, Fo CUa, ..., |Fnl <n,
{UFn:neN}erl
Ts. '11:

Q V b-scale B, BUFinis U,(I',T)

@ 3 Uy(I,T) set of size b
Miller=Ts. '10 + Ts. '11: “Sy(T,[) — Ux(T,T)" is strict
Liu-He=Zhang '22 (CH): All implications

Us(T,T) — Us(I,T) — -+ —> Up(I,T) — Ugn(O,T)

are strict!
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Application to finer selection principles

Uin(O,T) = Ugn(T,T)
Un(F,T): VUL Up, ... €T, 3F1 ClUL, Fo CUa, ..., |Fnl <n,
{UFn:neN}erl
Ts. '11:

Q V b-scale B, BUFinis U,(I',T)

@ 3 Uy(I,T) set of size b
Miller=Ts. '10 + Ts. '11: “Sy(T,[) — Ux(T,T)" is strict
Liu-He=Zhang '22 (CH): All implications

Us(T,T) — Us(I,T) — -+ —> Up(I,T) — Ugn(O,T)

are strict!

Using 2-dimensional omission of intervals
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Conclusion

SPs are manywhere: Measure, Dimension, function spaces, ...
Surprising applications: D-spaces, additive Ramsey theory, . ..
Omission of Intervals provides a unified framework to find

examples with minimal or no assumptions
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Conclusion

SPs are manywhere: Measure, Dimension, function spaces, ...
Surprising applications: D-spaces, additive Ramsey theory, . ..
Omission of Intervals provides a unified framework to find
examples with minimal or no assumptions

Paradigm shifts:

quantitative (cardinalities) — qualitative (topological structure)
dichotomic proofs — uniform proofs (nontrivial examples)

existence — structural results
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Conclusion

SPs are manywhere: Measure, Dimension, function spaces, ...
Surprising applications: D-spaces, additive Ramsey theory, . ..
Omission of Intervals provides a unified framework to find
examples with minimal or no assumptions

Paradigm shifts:

quantitative (cardinalities) — qualitative (topological structure)
dichotomic proofs — uniform proofs (nontrivial examples)

existence — structural results

THANK YOU!
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